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STARLIKENESS ASSOCIATED WITH PARABOLIC REGIONS

ROSIHAN M. ALI

ABSTRACT. A parabolic starlike function I of order p in the unit disk is char­
acterized by the fact that the quantity zl'(z)/I(z) lies in a given parabolic
region in the right-half plane. Denote the class of such functions by PS·(p).
This class is contained in the larger class of starlike functions of order p. Subor­
dination results for PS·(p) are established, which yield sharp growth, covering
and distortion theorems. Sharp bounds for the first four coefficients are also
obtained. There exist different extremal functions for these coefficient prob­
lems. Additionally, we obtain a sharp estimate for the Fekete-Szego coefficient
functional, and investigate convolution properties for PS·(p).

1. INTRODUCTION

Let A denote the class of analytic functions 1 in the open unit disk U :::: {z :
Izi < I} and normalized so that 1(0) :::: 1'(0) - 1 = 0 In [4] Goodman introduced
the class UCV of uniformly convex functions consisting of convex functions 1 E A
with the property that for every circular arc 'Y contained in U, with center also in
U, the image arc I("'() is a convex arc. He derived a two-variable characterization
of functions in UCV, that is, 1 E A belongs to UCV if and only if for every pair
(z,~)E U x U,

{
f"(z) }

1 +!R (z -~) j'(z) ~ O.

Ma and Minda [7] and RfIlnning [10] independently developed a one-variable char­
acterization that 1 E UCV if and only if for every z E U,

Iz!,,(z) I ( z!"(z»)
I'(z) <!R 1 + I'(z) .

RfIlnning [10] also showed that 1 E UCV if and only if the function zl' E PS",
where PS" is the class of functions 9 E A satisfying

Izg'(z) - 1\ < c;nzg'(z) U
g(z) ~ g(z)' z E .

Several authors have studied the classes above, amongst which include the works
of [4, 6, 7, 8, 9, 10, 12].

In [9] the class P S· was generalized by looking at functions 1 E A satisfying

IZI'(Z) -1\ c;nz!'(z)_
j(z) < ~ I(z) Q, Z E U.
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In this paper, we continue the investigation of this generalized class but under a
slight modification of parameter. For 0 :S p < 1, let Op be the parabolic region in
the right-half plane

Op = {w = u + iv : v2 < 4(1 - p)(u - p)} = {w : Iw - 11 < 1- 2p + lRw}.

The class of parabolic starlike junctions oj order p is the subclass PS*(p) of A
consisting offunctions j such that zj'(z)/ j(z) E op, z E U. Thus jE PS*(p) if
and only if for z E U,

\

zj'(Z) I zj'(z)
j(z) - 1 < 1 - 2p + iR fez) . (1)

Similarly, a function f E A belongs to UCV (p) if and only if for every pair (z, ()
. in the polydisk U x U,

l+a?{(Z-()~:i:?} >2P-:-1.

A function f E UCV(p) is called an uniformly convex function of order p. Thus the
classes discussed earlier correspond to UCV = UCV (~) and PS* = PS* (!) . In
[5] Lee showed that

Le.,

9 E UCV(p) {:} f = zg' E PS*(p), (2)

9 E UCV(p) {:} IZ::~~~) 1< 2(1 _ p) + ~z:;~~~).
In the present paper, we continue the study of PS* (p) realized by Ali and Singh
(2], and more recently by Aghalary and Kulkarni [1]. We give examples offunctions
in the class PS*(p), and establish subordination results, which yield sharp growth,
covering and distortion theorems. Sharp bounds on the first four coefficients are also
obtained. There exist different extremal functions for these coefficient problems.
Additionally, we obtain a sharp estimate for the Fekete-Szego coefficient functional,
and examine convolution properties for PS* (p).

2. PRELIMINARY RESULTS

From its definition, it is clear that the class PS*(p) is contained in the class
S*(p) of starlike functions of order p, Le., ~(zf'(z)/ j(z» > p, z E U. It is also
fairly immediate that PS*(p) is related to the class of strongly starlike functions,
where a function f E A is said to be strongly starlike of order a, 0 < a :S 1, if j
satisfies IArg zf'(z)/ f(z)1 < 1rQ/2, z E U. We state the relation in the theorem
below.

Theorem 1. If f E PS*(p), then f is strongly starlike of order 'Y, where ~'Y =
tan~lJ7' In other words, for z E U,

I
Ar zj'(z) 1< 7r'Y

g j(z) - 2'

A sufficient condition for a function j to be parabolic starlike of order p is given
by the following:
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Theorem 2. If f E A satisfies

IZP(z) I
fez) - 1 < 1 - p,

then jE PS*(p).

Proof. The given condition implies that

SRzl'(z) -lz!'(Z) - 11 +1- 2p >2(1- p) - 2I ZP (z) -11> O.
fez) fez) - fez)

3

o

The following two examples are now easily established from Theorem 2.

Example 1. The function fez) = z + azn E PS*(p) if and only if lal ::; ~=p.

Example 2. The generalized hypergeometric function is defined by

00 (al)n (ap)n zn
F(al,···,apjbl,· .. ,bqjz)=I+L(b) (b) I' (bj~O,-I,... )

n=l 1 n q n n.

where ('x)n is the Pochhammer symbol defined by

{
I n=O

('x)n = 'x(X + 1)(,X + 2) '... (,X +n - 1); n = 1,2, .. · .

If Iz:<W 1< 1- p, then zF E PS*(p).

Ali and Singh [2] showed that the normalized Riemann mapping function qp from
U onto Dp is given by .

4(1 - p) [ 1 +vIZ] 2 ~ n
qp(Z) = 1 + 11"2 log 1- vIZ = 1 +~ Bnz .

Here

B
1

= 16(1 - p) and B = 16(1 - p)~ _1_ (n = 2,3, ... ).
11"2 n n1l"2 L.J 2k + 1 '

k=O

Since the latter sum is bounded above by 1 + ! log(2n - 1), (see [7]), an upper
bound for each coefficient is given by

B n < 16~1I"~ p) (1 + ~ log(2n -1)) .

However these bounds do not yield sharp coefficient estimates for the class PS* (p).
We shall return to the coefficient problem in the next section.

Let k E PS*(p) be defined by keO) = k'(O) - 1 = 0 and

zk'(z)
k(z) =qp(z).

In [6], Ma and Minda established a general result that leads to the following result.

Theorem 3. [6] If f E PS*(p), then

(a) z~;W ~ zZ<W and ¥- ~ ¥,
(b) -k(-r) ::; If(z)! ::; k(r), Izl::; r < 1,
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(c) IArg¥l:s maxlz/=r IArg¥l, Izl:S r < 1,
(d) k'(-r) :S 1f'(z)1 :S k'(r), Izl :S r < l.

Equality in (b), (c), and (d) holds for some z f:. 0 if and only if f is a rotation of
k.

Since the function k is continuous in U, -k( -1) = limr~l -k(-r) and k(I) =
limr~l k(r) exist. RfIlnning [9] established the following corollary.

Corollary 1. [9]
(a) Let 1 E PS*(p). Then either 1 is a rotation of k or I(U) :J {w : Iwl :S

-k(-I)}, where the Koebe constant is -k(-1) = e-(1-p)(1.25475).

(b) The functions in PS*(p) are uniformly bounded by the sharp constant k(I) =
e 3.41023(1-p) .

3. COEFFICIENT BOUNDS

We first give another sufficient condition for a function f to belong to PS* (p).
00 00

Theorem 4. If f(z) = z+ L: anzn satisfies L: (n-I)lanl :S ~, then f E PS*(p).
n=2 n=2

The constant~ cannot be replaced by a larger number.

Proof. Let g(z) =J¥de = z + E~zn. In view of (2), it suffices to show that
o n=2

9 E UGV(p). Since

n-l
(n - l)an = L akbn-k.

k=l
Since qp is univalent in U and h -{ qp, the function

I+q;l(h(z» . 2
p(z) = 1 =I+CIZ+C2Z + ...

1 - qp (h(z»)

(4)
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belongs to the class P consisting of analytic functions p in the unit disk U with
positive real part such that p(O) = 1 and 3?p(z) > 0, z E U. In other words,

h(z) = (
p(z) - 1)

qp p(z) + 1 . (5)

While (4) gives an in terms of the coefficients bk' (5) expresses the bk 's in terms of
the coefficients Cm 's and B m 's. It is now easily established that

8(1 - p)
a2 = 2 Cl

7r

a3 = 8(1 - p) [C2 _ (_.1 _ 8(1- p)) ci] (6)
. 2~ 6 ~

_ 8(I-p) [ _ (! _12(I- P)) (~_ 2(I-p) 32(I- P)2) 3]
a4 - 37r2 C3 3 7r2 Cl Cz + 45 7r2 + 7r4 c1

Thus the coefficient estimates for PS*(p) may be viewed in terms of non-linear
coefficient problems for the class P.

We now introduce the following functions in PS*(p). Define kn,G,H E A re­
spectively by

zk~(z) _ (n-l) zH'(z) _ (z(z - r)) zG'(z) _ (_ z(z - r)) 0 <_ r <_ 1.
kn(z) - qp z , H(z) - qp 1 - rz ' G(z) - qp 1 - rz '

It is clear from (3) that kn, G, HE PS*(p), and that kz(z) = k(z). Since

16(1 - p) n
kn(z) = z + (n _ 1)7r2 z + ... ,

we find that
A > 16(1- p)

n - (n _ 1)7r2'

On the other hand, Ali and Singh [2] proved that

(n - I)An ~ 2V2(1 _ p)e4(1-P)2,

which also yield the sharp order of growth lanl = 0 (~) .
It can also be deduced from a result of Ma and Minda [6] the following solution

to the Fekete-Szego coefficient functional over the class PS*(p). We shall omit the
details.

Theorem 5. Let fez) = z + azzz + a3z3 + ... E PS*(p). Then

{

16~~4P) [24(1 - p)(1 - 2t) + 7r2], t:$ ~ - 96(.~~P}

la tazl· < 8(12"p) 1 n
2 < t· < 1 + 5n

2

3 - Z - n' 2" - 96(1-p) - - 2" 96{1-p}

16~~4P) [24(1 - p)(2t '- 1) - 7r2J, t ~ ~ + 96rf~p}

If ~ - 96(~~P) < t < ~ + 96(f~p}, equality holds if and only if f = k3 or one· of its

rotations. If t < ~ - 96(~~p} or t > ~ + 96(f~p)' equality holds if and only if f = k2

or one of its rotations. If t = ~ - 96(~~P}' equality holds if and only if f = H or one

of its rotations, while if t = ~ + 96(f~p}' then equality holds if and only if f =G or
one of its rotations.
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The above estimates can be used to determine sharp upper bounds on the secondand third coefficients respectivelg which we shall state below. In addition, the

*Tl"""o 
on the fourth coefficient .4a is determined with the aid of the followin;

lemma.

Lemmar. [3] retp(z)=1+DEr c1,zk€p. If 0<p<landBeB-1)< 6<p,
then

lcs - 2pc1c2+ dcll 5 z.
In parti,cular,

lcs-2|c1c2+pcll3z.
When p :0, eqaality holtls d and onty if

3-

_ p(z) := ps(z) =| x*!J,*!!!a, lul = 1, )p ) 0),
;' L - ee-'

with \1-f )z * )r = 1.. lf p 

= 
l, equarity hol-d,s i! and, onry i! p i,s the reciprocar ofps. If 0 < P < t, equality holds if and, only if

p(z) :'#, lul : 1, or p(z) = f5, lel = r.

Theorem 6. Let f(r)=z*a222*asz3+...€ pS*(p). Then

brlsW,
with equality if and only if f : k or its rotations. Further

t",t s{ j4(e**#"), o( pst-*
I srfi€I, 1-* <p<r.

l"r:"< p < | - i;, equality holds if and only if I = tt, or its rotations. Fo,
r - fu 1 p 1 l, equality holds if and onlg if f = fu or its rotations. If p= 1 _ #,equality holds if and only il f : H or iti rotatio"i. ,eaaltio"oiiy,.

( ra(.r-p1 
f rze(rapr, * ro(r__p) - ^^l

l,,l < { ffi L---;u*- r --?# * igj' 0 <p < 1r. #{ - r1.9
I tF".' r+#(r-,f:ilsp.i.

Equality hold,s in the upper anpression of the right inequarity if and only if f = k'or its rotat'i,ons, while equality holds in the lowir 
"rpr"irion"oi tie right inequari,tyi.f and only if I : lc1 or its rotations.

Proof. rn the light of rheorem 5, we are left to finding an estimate on the fourthcoefficient. The relation (6) gives

8(1 - p) | (1 12(1-p)\ * (+ _2(r _p) * 32(1; p)r\ 
"sl

an : --F- ft - (,E - -h" ) crczr 
\4b - --A- + - 7rn / .l

._8(l-p)-'---F-"'
We shall apply Lemma 1 with

1 12(r - p) 2_ _z(r - p) * s2(t - p)22P=i and 6=4, 1r2 n4--'
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The conditions on B and d are satisfied if

,,n'(, reg\
'*16 tr'-V.'")=P<r'

Thus laal s 16(1 - p),/,J-nz, with equarity if and onlv if rhe funcrion p in (b) is givenUv-p(r)= (1-t ezs) I (t - rr"). Tilis impties that f - ka.
tn view of the fact that 0 ( 6 ( 1, and d _B > O provided

,n!1/, -. ffi\'-T6'\'-V*)ro'
Lemma 1 yields

lEl S lcg -26c1c2+ dcf l + 2(6 _ p)lc1c2l

<2+8 (t2(t-p)z *a(t-p) _ il\i-, v\ ;r--__A__ s0)

= 2 (12e$ - rrz * 16(1 - p), Zs\-\ T4 ---n'-- 45)'
Equalityholdsif ando,,lyif thefunctionpin(b)isgiven byp(")=(r+ez)l(r-ez),
i.e., J - Ic. This completes the proof. tr

Theorem T. Let f(z) : z I a2zz * aszs+... € pS"(p). For p € C and

i/ \ 1 16(l-"'t,\(p)= i*--e-"Qp-t),

lo,- r,o,,lsl ilf# lz+1t- p)(r-2ti+r21, lr(p) - rl > I
t -if, llftr)_tl <1

Equality holds in the upper er?tression of the right inequality iJ f = k oyits rotations,while equality holds in the lower erqtression iy tne rignt meqiattty if I = k3 or itsrotations.

Proof. Womthe relation (6), we get

as-Patr=wF,_Y"rl
The well-known estimate

| 1.1 rl"r-;"il<2-il"'l'l-1 .
leads to

l,-Y"rl = l" -i"4+ lr+ax b,r <r* Ji$JL=Jr",t,,

o
which yields the desired result.
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4. Collvor,u'uol PnopBR'rrns
@@

The convolution of f (z) = Ao^"^ 
and 9(z) : D bnzo is defined to be the

function (f * S)@) - f a,nbnzn For a ( 1, denote by Bo the class of prestarlike

functions of order o 
"#ilrtirrg 

of f e Asuch that J * 6fi2-; € ^S* 
(a). Here 

^9* 
(a)

is the class of starlike functions of order a. An important result in convolution is
contained in the following lemma of Ruscheweyh.

Lemrna 2. [11, p. 5a] ff f Q Ro,g €,9*(a), and H is an analytic function inU,
then

!!!! g c6 H(rr),I*9
wherebH(U) is the closed conueahull of H(U).

Theorem 8. Il I €Ro andgePS*(p),then f *gePS*(p).

Prool. Since g also belongs to ,9-(p) and I/(z) = +& < qp(z), Lemma 2 yields

,(rri g' vt: t4@): I 
:n,? @) caL(u) c oo,f*g \-/ "f*g'-' J*g g'-'-

0and hence, f * g e PS.(p).

Since R172 = S- (;) (see [11]), and ,R6 = C, where C is the class of convex
functions in A, a similar proof also yields the following result.

Corollary 2.

(a) Il f ,s e PS-(p) for p2_112, then f * g e PS.(p).
(b) f f e C andse PS.(p),thenf*9e PS.(p).
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