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Second-harmonic generation of an antiferromagnetic film in Voigt geometry is calculated and analyzed. This
calculation is carried out with an assumption of weak nonlinearity in a two-sublattice antiferromagnetic sys-
tem. Second-harmonic waves are analyzed by the conventional approach of ordinary nonlinear optics.
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1. INTRODUCTION

The simplest nonlinear response in a physical system
that has been subjected to incident electromagnetic radia-
tion is second-harmonic generation (SHG) in the weak
nonlinear regime.! This weak nonlinear approach is
usually used in the study of nonlinear effects in
dielectrics,’? and it has been extended to magnetic
systems.>~” This approach offers a simpler way to study
various nonlinear effects, especially SHG and optical rec-
tification in magnetic systems and intensity-dependent
third-order effects such as multistability and soliton
propagation in magnetic films .56

A previous calculation revealed that among various
types of magnetic system the simplest two-sublattice an-
tiferromagnet is a weak nonlinear system.*? The antifer-
romagnets that are well described by the two-sublattice
model are FeF, and MnF,.®2 With the weak nonlinearity
in these antiferromagnetic systems we can use the con-
ventional methods of nonlinear optics to analyze antifer-
romagnetic nonlinear responses. With this assumption,
the sublattice magnetization is expanded in power series
of the incident dynamic magnetic fields, A:

m; = Xijhj o Xijkhjhk == Xijklhjhkhl & weae 1)

Based on Eq. (1) and the Landau-Lifshitz torque equa-
tions of motion for magnetization,® the complete linear
and nonlinear susceptibility tensors up to third-order ef-
fects for a single-frequency incident field were calculated
and analyzed.* Parts of the nonvanishing tensor ele-
ments and their applications have been calculated and
analyzed by Almeida and Mills® and by Vukovich et al.%
These are intensity-dependent third-order tensor ele-
ments that cause bistable and multistable transmission
through antiferromagnetic films in the presence of ap-
plied static magnetic fields.

In this paper the most fundamental nonlinear effect,
SHG through an antiferromagnetic film, is calculated and
analyzed based on second-harmonic tensor elements cal-
culated previously.* In Section 2 a way to determine the
appropriate geometry from the nonvanishing tensor ele-
ments for observation of second harmonic (SH) waves
generated through an antiferromagnetic film is described.
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In Section 3 the propagation of linear and SH waves in an
antiferromagnetic medium (AFM) is described for two
cases: phase mismatching and phase matching. The so-
lutions for transmission 7" and reflection R of linear waves
and for transmission 7 and reflection R of SH waves
through the film are given in Section 4. In Section 5, the
results of the calculations in Sections 3 and 4, together
with their implications, are shown graphically by use of
FeF, parameters. Finally, a brief conclusion is given in
Section 6.

2. MODELING

To determine a suitable model for the observation of SH
effects, we review here the nonvanishing susceptibility
tensor elements. Previous calculations have determined
the independent nonvanishing linear and nonlinear ele-
ments up to SH effects in a circular polarization system
(pn2): Xpp > Xnn> Xppz> Xnnz> and Xzpn - The complete
mathematical expressions of these elements are given in
Appendix A. These tensor elements can be transformed
into a Cartesian system (xyz) by use of the following defi-
nitions:

Sy, = UsSs (2)
with the inverse
Sy =TaS;, 3)
where
-1 1 0-
V2 2
Ups = i i al’ “@
V2 2
. O 0 1]
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Here the subscripts / and & refer to (xyz) and the sub-
scripts 6 and drefer to (pnz). For calculation of SHG it is
convenient to transform the tensor components from the
(pnz) to the (xyz) framework:

Xij = TiaTjBXaﬁ’ (6)

Xihi= DiaLialhyXapys @)

where subscripts in roman type refer to (xyz) and those in
greek to (pnz), and T is the complex rotation matrix de-
fined in Eq. (5). The nonvanishing linear and SHG com-
ponents in the (xyz) framework are

Xxx = Xyy = I/Z(pr +2Xnn)s €))
Xxy = " Xyx = lIz/i(pr =X 9
Xxxz = Xyyz = 1/2(prz + Xnns)» (10)
Xeyz = " Xyxz = (i/2)(prz = Xnnz)a 1)
Xexx = Xayy = V2Xanp - (12)

From these nonvanishing elements we can determine the
configuration of the antiferromagnetic samples for the
generation of SH waves effectively. The simplest method
for doing so is to cause a rf field to be incident normally
upon a film and to analyze the transmission and reflection
through the film. For this purpose there are two possible
configurations for magnetic systems: Faraday geometry
and Voigt geometry. For Faraday geometry the configu-
ration of the film and of the incident rf field is as shown in
Fig. 1.

For plane waves incident in the —z direction and with
polarization in the x—y plane we can observe linear trans-
mission T and reflection R for low intensity of I. For a
sufficiently intense rf field in I we can observe bistable
and multistable transmission through the film with the
same frequency as I and third-harmonic waves caused by
nonvanishing third-harmonic-generation tensor
elements.*> However, no transverse SH waves can be
seen to be transmitted and reflected through the film.
Because for the x- and y-polarized waves in the incident rf
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Fig. 1. Antiferromagnetic film in Faraday geometry.
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Fig. 2. Antiferromagnetic film in Voigt geometry.

fields the nonvanishing SH tensor elements are y,,, and
Xzyy only, the transverse SH waves that are generated
will be z polarized and will propagate in the x—y plane.
For Voigt geometry the configuration of the film and of ‘

the incident rf field is as given in Fig. 2. For plane waves
incident in the y direction and with x polarization only,
the tensor elements that correspond to SHG are the same
as in the Faraday geometry: ., and x,,,. We can ob-
serve linear transmission 7" and reflection R for low inten-
sity of I. For a sufficiently intense rf field in 7, transmis-
sion 7 and reflection R of z-polarized SH waves through
the film can be observed as well. Therefore the transmis-
sion and reflection of SH waves through an antiferromag-
netic film can best be seen in an antiferromagnetic film in
the Voigt geometry configuration, as in Fig. 2. Based on
this conclusion, detailed calculations and analyses of SHG
effects through an antiferromagnetic film are given in the
following sections.

3. PROPAGATION OF LINEAR AND
SECOND-HARMONIC WAVES IN VOIGT
GEOMETRY

In the previous calculations? all the linear and nonlinear
susceptibility tensor elements up to third-order effects for
a two-sublattice AFM system were derived based on inter-
actions with polarizations and frequencies of the incident
radiation. In actual applications and calculations of non-
linear effects such as SHG and bistability, not all the ele-
ments correspond to these effects. The way in which the
model is constructed, such as by Voigt configurations, and
the direction of incident radiation will determine which
elements should be taken into account as a result of the
transverse nature of electromagnetic waves.

In Voigt geometry, for an x-polarized incident rf mag-
netic field the wave equations derived from Maxwell’s
equations and the appropriate constitutive relations are

°Hyo(y)
_ay+ + ky?H,o(y) = 0 (13)

for linear waves and

‘72Hz0(y) 2
T + k."H,o(y) = THyo(y)H o(y) (14)
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for SH waves. Here ky and &, represent the magnitudes
of linear and SH propagation vectors, respectively, and I'
is a function of linear and SH susceptibility elements and
corresponds to the generation of SH waves. The math-
ematical derivations are outlined in Appendix B. Equa-
tion (13) is a homogeneous linear second-order differen-
tial equation for H,|(y), and Eq. (14) is an
inhomogeneous linear second-order differential equation
for H,(y) with a source in terms of H,,(y). The results
in Eqgs. (13) and (14) were obtained by a weak nonlinear-
ity approach and without the slowly varying envelope ap-
proximation. In the calculation it was assumed that
there is no depletion of the input waves. Based on Eq.
(13) the general solutions for the linear waves, H,(y, ¢)
and E,(y, t), are

H(y, t) = Y2[a exp(ikyy) + bexp(—ikyy)]
X exp(—iwt) + c.c., (15)
1 ky ] )

E,(y,t) = - ——[aexp(ikyy) — bexp(—ikyy)]

2 €yew
X exp(—iwt) + c.c. (16)

From Eq. (14), the general solutions for SH waves
H,(y, t) and E (y, t) are

H,(y, t) = Y2[aexp(ik,y) + Bexp(—ik,y)
+ f1exp(iéy) + frexp(—iéy)

+ fslexp(—iQt) + c.c., an
Ey, t) = -;- eoen[_“k’ exp(ik,y) + Bk, exp(—ik.y)
— fifexp(idy) + fré exp(—iéy)]
X exp(—iQ¢) + c.c., (18)
where
Ia? rh? 2abT
f1=m, f2=m, f3=k—,2
(19)

for phase mismatch (&, # 2ky = ¢) and
H,(y, t) = "o(a + yd,)exp(i&y) + (B + yd3)
X exp(—ié&y) + dzlexp(—iQt) + cc., (20)

E(y,¢t) = %eoen[(—alf +idy — Eydy)exp(iéy)
+ (BE + idy + &ydy)
X exp(—iéy)lexp(—i{d¢) + c.c., (21)
where
a? b2 2abT
d, = 2 dy = Ti2e dg = T (22)

for phase matching (k, = 2ky = £). The terms a, b and
a, B are the superposition coefficients for the homoge-
neous solutions of Eqgs. (13) and (14), respectively, and are
determined by the appropriate boundary conditions. The
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mathematical details of Eqs. (13)—(22) and definitions of
the terms are given in Appendix B.

4. TRANSMISSION AND REFLECTION OF
LINEAR AND SECOND-HARMONIC
WAVES

Applying the antiferromagnetic film boundary conditions
to the tangential H and E fields in Section 3 as shown in
the schematic diagram of Fig. 2, i.e., the continuity of
these rf fields across the film boundaries, yields the coef-
ficients for the transmitted and reflected amplitudes:

t=60Yad+bs™), (23)
r=a+b-p, (24)
where
asl 2q1(qv + q3)p

(g1 + qv)(gv + q3) + (g1 — qv)(qv — q3)8%’

2q1(qv — q3)8”%p

(g1 + av)(gv + q3) + (¢1 — av)(qy — g3)d?
(26)

for linear waves. Details of the derivations and defini-
tions of the terms in this section are given in Appendix C.

For SH waves the coefficients for the transmitted and
the reflected amplitudes are, respectively,

7= (aA + BA™! + ¢ )17Y, @27
p=a-+ B+ én, (28)

where

(44

i (n, + 773)(4’61 E. 771¢hl)A_1 + (71 — ﬂz)(¢er -+ 773¢hr)
(m + m)(m + nz)A™ = (g = 1) (3 — 7)A

’

—(m + ) (der + 1300) — (93 — 1) (P — M)A
(m + 7)(m, + )A™Y = (1 — ) (ms — 73)A

In this case, ¢;; = U;; for phase mismatching and ¢;;
= V;; for phase matching. The explicit expressions for
U;; and V;; and the derivations for Eqs. (27)-(30) are
given in Appendix D.

Calculations of Poynting’s vector in each medium show
that the transmission and reflection coefficients through
the antiferromagnetic film are

e |t

=r— T _19° (31)
€3 |p|2

R I (32)
|p|?

for linear waves and

€1 |7'|2

T= —?, (33)

& |p
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el
|p|?

for SH waves, where €; and €3 are the dielectric constants
for media 1 and 3, respectively, that sandwich the antifer-
romagnetic film. The coefficient for the amplitude of in-
put waves is p, and | p|? is directly proportional to input
power I, , where

(34)

|p|2. (35)

5. RESULTS AND DISCUSSION

The transmission and reflection coefficients in Section 4,
Eqgs. (31)-(34), have been shown graphically by use of the
parameters of FeF,, which is a simple two-sublattice an-
tiferromagnet. These parameters are € = 5.5 for the di-
electric constant, y/puy = 1.05 cm™! T~ ! for the gyromag-
netic ratio, uoHg = 53.3 T for the exchange field, uoH,
= 19.7 T for the anisotropy field, poM, = 0.056 T for the
sublattice magnetization, and poH, for the applied static
field. In the calculations the chosen damping parameter*
is =5 X 107%. The linear and SH transmission and
reflection coefficients are plotted in Figs. 3 and 4 versus
frequency sweep with various fixed values of thickness
and applied static fields. Figure 5 shows the linear and
SH transmission and reflection coefficients versus thick-
ness for uoH, = 3 T and input frequency = 55 cm™1.
The input intensity that produced the results in Figs. 3-5
is I, = 1.6 X 10" W m™2. If the far infrared is focused
to a 0.5-mm? beam, the strength of field H is approxi-
mately 18 G and is currently achievable.’

From Fig. 3, linear transmission and reflection show
clearly that there are two antiferromagnetic resonances
for x-polarized input waves in the presence of static ap-
plied magnetic field uoH,. This is expected from the
mathematical expressions for the linear susceptibility of
x-polarized waves, .., as given in Eq. (8), because
x-polarized waves are superpositions of two circularly po-
larized waves, and the resonances for these two circular
waves are split in a nonzero applied static field, as im-
plied by the susceptibility elements of these circular
waves, Xpp and x,,, in Appendix A. From Appendix A it
can be seen that the resonance for a p-circular wave will
occur at frequency w, = wr — o, whereas the resonance
for an n-circular wave will occur at @, = wp + @y, where
wp is the resonance frequency for the antiferromagnet
and wy = yH is the frequency shift that is due to applied
static field uoH,. For FeF,, wgp = 52.4 cm™ !, and for 3
and 6 T of the applied static field the gap between the p
resonance and the n resonance, w, = 2w, will be 6.3 and
12.6 cm™!, as shown clearly in Figs. 3(a) and 3(c) and
Figs. 3(b) and 3(d), respectively. The dips at resonance
for both transmission and reflection curves are due to the
strong antiferromagnetic absorption at the resonance fre-
quencies, whereas the peaks and troughs away from reso-
nance are due to the dimensional resonance that depends
on wave vector £y and on the film thickness L.

The SH transmission and reflection are ~2 orders
weaker than the linear transmission and reflection, and 7°
and R are significant only in the vicinities of antiferro-

Siew-Choo Lim

magnetic resonances. From the curves shown in Figs. 4
and 5 and the model shown schematically in Fig. 2, it is
obvious that the peaks and troughs of the SH transmis-
sion reflection curves not only are due to the antiferro-
magnetic and dimensional resonance but also are affected
by the input resonance (standing waves in the films that
generate T) and the output resonance (standing waves in
the films that generate R) of the linear waves. With all
these resonance enhancements, the signals shown in 7
and R would not be regular peaks and troughs similarly
to linear transmission and reflection but somehow irregu-
lar, especially in the vicinities of the antiferromagnetic
resonances. These enhancements are shown clearly in
Figs. 4 and 5(b), which compare the existence of 7and R
peaks to that of the peaks of linear transmission in Figs. 3
and 5(a).

In the usual nonlinear optics, SHG signals are signifi-
cant when phase-matching occurs. In terms of the meth-
odology described this paper, linear susceptibilities y..
and y,, are complex quantities, whereas y,, = 0. k, is
proportional to \1 + y,,, and therefore it is real, whereas
ky depends on x,, and x,, and basically is a complex
quantity. The condition for phase matching is that k&,
= 2ky. Therefore there is no chance to achieve phase
matching for the AFM films. In particular, the input
waves have frequencies in the vicinity of linear AFM reso-
nances for which the imaginary parts of y,, and y,, are
significant. The peaks and troughs in 7and R can be de-
scribed as the pseudo-phase matching that occurs when
one or more of the resonance enhancements described
above occurs. Another important property of SH trans-
mission and reflection is that 7and R have no phase dif-
ference if they are compared to linear transmission and
reflection with a #/2 phase difference. The reason for
this is that the SH output, 7and R, has no input from the
medium at the left of an antiferromagnetic film, as for the
linear case. The only difference between 7 and R is in
terms of magnitudes: 7'is greater than R because the in-
put resonance that affects 7 directly is stronger than the
output resonance.

6. CONCLUSIONS

The main results of this paper have been the calculation
and formulation of terms that describe the generation of
SH waves through an antiferromagnetic film based en-
tirely on the magnetic response of an antiferromagnet
rather than on magneto-optical effects based electrical re-
sponses that are affected by the existence of
magnetization.>!® The calculations here have made use
of the conventional approach in which, for weak nonlin-
earity, only 1-2% of the input intensity is converted to SH
waves and therefore the assumption of no depletion of the
input waves has been used to simplify the calculation.
However, the approach that has been used here varies
slightly from the usual formulation in nonlinear optics in
that we have neglected the slowly varying envelope
approximation.

The approach that was used here may facilitate using
such methods as the conventional nonlinear optics ap-
proach to study and characterize nonlinear effects and
their applications in magnetic systems. The results
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with input frequency © = 55.0 cm™! and applied static magnetic
field poHy = 3.0 T.

shown in Sections 3—5 were expected from the approaches
that were used and may be extrapolated to more-
sophisticated cases such as the generation of SH waves
with the depletion of input waves, and the systems may
be extended to include magnetic superlattices.

APPENDIX A. INDEPENDENT
NONVANISHING LINEAR AND SECOND-
HARMONIC SUSCEPTIBILITY

ELEMENTS IN A (p, n, z) SYSTEM

The complete mathematical expressions for the indepen-
dent nonvanishing linear and nonlinear elements up to
SH effects in a circular polarization system (p, n, z) are
given. The linear p elements are

Xpp = T1p{(1 + 7Pog + (1 + in)le — (1
Wy = 'y(HE s HA = HO))
(A1)

= 77)0),,]}0),-,, ’

Xop = T1p{(1 + PPog — (1 — in)w + (1
oy = y(Hg + Hy + Hy),
(A2)

Xop = T1pl —20,0a(1 + 9?) + i2900,], (A3)

e L”)wh]}wm ’

where
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Fip = [w? + 20wy + (w02 - wp)(1 + 7%
+ i270(wg + 0,)]7L (A4)
The linear elements n are

Xon = r1ad(1 + PPog — (1 — ip)o

+ (1 +ino,llo,, (A5)
Xon = r1{(1 + PP)og + (1 + i)
X[w=(1-inwo\}oy, (A6)

Xnn = Tnl—20n04(1 + 7%) + i2900,,], (A7)
where
r1n = [0 = 2000 + (0o — wg?)(1 + 2?)
+ i2nw(wg + wa)] 7t (A8)
The SH p, n, and z elements are
Xppz = Yoyrop[—20(xXgp + X5,) + (0 + in20)

X (Xgp e X;p) + (1 a5 "Iz)(wp)(:p - waxgp)]’

(A9)
Xonz = P2yraa[20(x0, + Xfin) + (wE + i720)
X (X5, = Xaw) + (1 + 72)(w0pxe, — ©x5)1,
(A10)
1
Xepn = 5=[(1 +in)y (xXpp = Xan)
+ (1 = in)y(Xpp — Xon) + (i27/M)
X (0\XppXnn = ©uXppXan)ls (A11)
where
rgp:= [40? + 4dwwgy + (w2 — wp2)(1 + 7%)
+ idno(wg + wa)], (A12)
ron = [40% = 4owy + (0o — wp®)(1 + 7?)
+ idno(og + wa)] 7, (A13)

where wg = YHg, wp = YHp, wn = yMy, wo = yH,,
@y = ’)’Hn, and wp = (2wAwE + wA2)1/2' HE iS the ex-
change field, H, is the anisotropy field, and <y
= —guppo is the gyromagnetic ratio. The complete
nonvanishing elements are obtained by use of intrinsic
permutation symmetry.

APPENDIX B. CALCULATIONS OF LINEAR
AND SECOND-HARMONIC WAVES IN
VOIGT GEOMETRY

We consider Maxwell’s equations in nonconducting mag-
netic materials:

B
VXE=—, (B1)
ot
D
VXH= —, (B2)
ot

V. .B=0, (B3)



Siew-Choo Lim

V.D=0, (B4)
D = ¢(E + P) = ¢¢E, (B5)
B = uo(H + M). (B6)

For an antiferromagnetic material such as FeFy, e = 1
+ X, 1s a constant with respect to the applied static mag-
netic field and the frequency range of interest (the far in-
frared).

For an x-polarized wave with single frequency w inci-
dent in the y direction as shown in Fig. 2,

H,(y, t) = Y2 H,o(y)exp(—iwt) + c.c. B7)

At first sight, we may conclude that the effective linear
susceptibility elements are x,, and yx,, only. However,
the induced rf magnetization that is due to y,. is y polar-
ized and will always counterinduce a y-polarized rf mag-
netic field in the film:

Hy/(y, t) =

so the transverse nature of the electromagnetic waves,
i.e., Egs. (B1)-(B4), is conserved in the antiferromagnetic
film. Therefore the effective linear and SH susceptibility

Y2 H,o(y)exp(—iwt) + c.c., (B8)

elements are y,,, Xxy s> Xyxs Xyy s Xzxx s and Xzyy The in-
duced linear magnetizations are
Mx(l)(yy t) = 1/2[XxxHx0(y) s XxyHyO(y)]
X exp(—iwt) + c.c., B9)
My(l)(y, t) = 1/2[nyHx0(y) i nyHyO(y)]
X exp(—iwt) + c.c., (B10)

and the induced SH magnetization is

M, P(y, t) = 12 K3, P XaxH xo()Hxo(¥)
+ XayyHyo(¥)H,o(y)]exp(—iQt) + c.c.,
(B11)
where () = 2w. From Eq. (B6), the corresponding linear

and SH magnetic inductions are

Bx(l)(y’ t) = 1/2."'0[Hx0(y) + XaxH o0(y)

+ XayHyo(y)lexp(—iwt) + c.c., (B12)

By(l)(y, i) = 1/le'O[IIyO(.'Y) i nyHxO(y)

+ XyyHyo(y)lexp(—iwt) + c.c.,
(B13)
Bz(z)(y: t) = 1/2/"0[Hz0(y) + K2m(2)szxHx0(y)Hx0(y)
yte K2w(2)XzyyHy0(y)Hy0(y)]
X exp(—i{dt) + c.c. (B14)

For waves propagating along the y direction the magnetic
film is extended infinitely in the xz plane:

9 9

Vo p—, V2o —, (B15)
90y dy*
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From the third Maxwell equation, V. - B = 0, the mag-
netic induction is tranverse to the direction of propaga-
tion. To satisfy this condition B,'"(y, ¢) must be equal
to zero, or

HyO(y) T nyHxO(y) + nyHyO(y) =0, (B16)

From Eqgs. (8), (9), and (B16), the conclusion is that
H,(y, t) propagates collinearly with H,V(y, ¢):

yO(y) xO(y), (B17)
p,

xx

where Hxx = Hyy = 1 + Xxx and MHxy =
Substituting Eq. (B17) into Eqs. (B12) and (B14) y1e1ds

B, D(y, t) = YapouvH o( y)exp(—iwt) + c.c.,
(B18)

B, ?(y, t) = Yopo[H,o(y) — TH,o(y)Ho(y)]
X exp(—iQt) + c.c.. (B19)

where
()"
BY= B+ =, (B20)
Moxx

T = —KZw(2)[1 + (l‘xy/l‘xx)z]szx- (B21)

To derive linear and SH wave propagation in Voigt ge-
ometry, let us take the curl of Eq. (B2). Using the iden-
tity of vector products, Eqs. (B1) and (B5), yields

52
ViV - H)-(V - VVH= —eoem. (B22)
By use of Eqs. (B7) and (B8), relation (B15), and Egs.
(B16)-(B21), Eq. (B22) can be split into two wave equa-
tions, for x-polarized and z-polarized rf magnetic fields:

9*H 0(y)
—a—%—- + ky?H,o(y) = 0, (B23)

*H o(y)

———5— + k2Ho(y) = THoo(9)Hoo(9),
(B24)
respectively, where

Ky = o?eouoeny, (B25)
k.2 =0%cinie, (B26)
— 60#0€Q2r‘. (B27)

The general solution for x-polarized wave equation (B23)
is
H.(y) = aexp(ikyy) + bexp(—ikyy), (B28)

where a and b are to be determined with the boundary
conditions of the film. The complete expression with
time dependence is

H(y, t)

o H,o(y)exp(—iwt) + c.c.

o[a exp(ikyy) + b exp(—ikyy)]
X exp(—iwt) + c.c. (B29)
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From Eq. (B2), the rf electric fields are related to the rf
magnetic field as

oE,  oH,

€Q€ = (= ’ (B30)
ot Ay
oE, oH,

€€ = . (B3 1)
at ay

Therefore the corresponding linear rf electric field related
to H,o(y, t) is

1 ky .

Ely, )= Ezo—e—w[a exp(ikyy)

— b exp(—ikyy)lexp(—iwt) + c.c.
(B32)

Equations (B28), (B29), and (B32) allow the waves to
propagate in both positive and negative directions, i.e., in
a film.

Equation (B24) is a linear, inhomogeneous second-
order differential equation for H,o(y). It has a source
term that depends on the solution of H,((y) in Eq. (B28).
The complete SH wave equation for the z-polarized rf
magnetic field is

32Hzo(y) 2 2 . 2 "
" + k,*H,o(y) = I'la” exp(i&y) + b” exp(—iéy)

+ 2ab], (B33)

where £ = 2ky. The homogeneous solution for Eq. (B33)
is

H,op(y) = aexp(ik, y) + Bexp(—ik,y), (B34)

where a and B are determined with appropriate boundary
conditions. The particular solution for Eq. (B33) depends
on the condition %, # ¢ (phase mismatch) or %, = ¢
(phase matching).

For k, # ¢ (phase mismatch), the particular solution
for Eq. (B33) is

H,op(y) = frexp(iéy) + frexp(—ify) + f3, (B35)

where
Ia? rs? 2abT
hcgr—ey PTwrme T
(B36)

The general solutions for Eq. (B33) have the form
H,o(y) = aexp(ik.y) + Bexp(—ik,y) + f1exp(iéy)
+ faexp(—idy) + f3, (B37)
and, with the inclusion of time dependence,
H,(y, t) = [ aexp(ik.y) + Bexp(—ik.y) + f1exp(i&y)
+ foexp(—i&y) + fslexp(—iQ¢) + c.c.

(B38)
The E field related to H,(y, t) is given by Eq. (B31):
JE, oH,
€€ = .
ot ay

Siew-Choo Lim

Therefore

1 1
E.(y,t) = g GQ[—akz exp(ik,y) + Bk, exp(—ik,y)
0

— f1€exp(iéy) + foéexp(—iéy)]
X exp(—iQt) + c.c. (B39)

For k, = ¢ (phase matching) the particular solution for
Eq. (B33) is

H,op(y) = ydyexp(idy) + ydexp(—idy) + ds,
(B40)
where
I'a? " ry? ¥ 2abT
i_2§’ 9= ng, 5 5 ?‘
(B41)
The general solutions for Eq. (B33) have the forms

H,o(y) = aexp(iéy) + Bexp(—iéy) (
+ ydyexp(iéy) + ydaexp(—iéy) + dg,
(B42)
and, with time dependence,
H,(y, t) = "(a + yd,)exp(idy) + (B + yd3)
X exp(—i&y) + dslexp(—iQdt) + c.c.
(B43)

Again, the E field related to H,(y, ¢) is given by Eq.
(B31):

1
Ey,t) = 2 ey [(—aé + idy — &ydq)exp(ity)
+ (BE + idy + &yds)exp(—ity)]
X exp(—iQ¢) + c.c. (B44)

APPENDIX C. LINEAR AMPLITUDE (
TRANSMISSION AND REFLECTION OF AN
ANTIFERROMAGNETIC FILM IN

VOIGT GEOMETRY

To calculate R and 7 for the SHG of an antiferromagnetic
film we have to solve the coefficients of a linear wave
equation, a and b, in the film and use the results for for-
mation of a SHG wave. For a magnetic film in Voigt ge-
ometry, a schematic diagram simplified from Fig. 2 for the
linear wave is shown in Fig. 6. In Fig. 6, p, r, and £ rep-
resent the amplitude coefficients for incident, reflection,
and transmission angles, respectively.

From Appendix B, the dynamic magnetic and electric
fields in medium 1 are

H, = Y9 p exp(iky) + r exp(—ikyy)]exp(—iwt) + c.c.,
(C1)

kq
€)1

+ c.c., (C2)

1
e 2

[p exp(ikyy) — rexp(—ikyy)]lexp(—iwt)
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Fig. 6. Schematic diagram for transmission and reflection of lin-
ear waves.

k12 = 0)260#061. (03)
The dynamic magnetic and electric fields in medium 2 are

H, = Yo[a exp(ikyy) + b exp(—ikyy)lexp(—iwt) + c.c.,

(Cq)
1 ky
E, = ———[aexp(ikyy) — b exp(—ikyy)lexp(—iwt)
2 epew
+ c.c. (C5)

The dynamic magnetic and electric fields in medium 3 are

H, = o[t exp(ikgy) + O exp(—iksy)lexp(—iwt) + c.c.

(Ceé)
1 kg
E,= — [t exp(iksy) — O exp(—ikgy)lexp(—iwt)
2 €p€EzW
+ c.c., (o))
k32 = w2€0/L0€3. (CS)

From electromagnetic theory, the tangential components
for the magnetic and the electric fields are conserved
across the boundary. Therefore the amplitude coeffi-
cients for the three media are related as

p+r=a-+bd, (C9)

q1(p — r) = gy(a — b), (C10)
ad+bst=1to, (C11)
gv(ad — bd™ 1) = qst6, (C12)

where & = exp(ikyL), 0 = exp(ikgL), qy = ky/e, and gq;
= k;/¢;. Coefficients a, b, r, and ¢ can be solved in terms
of p, €;, and k;. The solutions for these coefficients are

2q1(qv + q3)p

a = s
(g1 + qv)(ay + q3) + (g1 — qv)(gv — q3) 82
(C13)
- 2q1(qy — ¢3)8°p
(g1 + gv)(av + q3) + (g1 — qv)(qv — q3) 8%’
C14)
r=a-+b-p, (C15)
t=0Yad+ bs). (C16)
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APPENDIX D. SECOND-HARMONIC
AMPLITUDE TRANSMISSION AND
REFLECTION OF AN
ANTIFERROMAGNETIC FILM IN VOIGT
GEOMETRY

SH transmission and reflection depend on amplitude co-
efficients a and b calculated in Appendix C. A schematic
diagram of the SH wave is shown in Fig. 7. The dynamic
magnetic and electric fields in medium 1 are

H, = Yapexp(—ikyy)exp(—iQt) + c.c., (D1)
1 ky
= — pexp(—ikyy)exp(—iQt) + c.c, (D2)
2 eoelﬂ

k12 = 026()#061. (D3)

For phase mismatch, k2, # 2ky = ¢, the dynamic mag-
netic and electric fields in medium 2 are

H, = Y aexp(ik,y) + Bexp(—ik,y) + fiexp(iéy)
+ foexp(—i&y) + f3lexp(—iQt) + c.c., (D4)

1
E,= -~ [—ak, exp(ik.y) + Bk, exp(—ik,y)
2 €ye)
— fi1éexp(ié&y) + 2 exp(—i&y)lexp(—iQt)
+ c.c. (D5)

However, for phase matching, &, = 2ky = £, the dynamic
magnetic and electric fields in medium 2 are
H, = "h[(a + yd,)exp(i&y) + (B + ydy)exp(—iéy)
+ dslexp(—i{dt) + c.c., (D6)

o
"3

[(—af + idy — &ydy)exp(iéy) + (B

€pe)
+ idy + &ydy)exp(—iéy)lexp(—iQt) + c.c.
D7)

The dynamic magnetic and electric fields in medium 3 are

® ©) ©)

<:_ﬁ—._=|

P T

———] [ —

r——_a—>

=0 gl

z
xy By

Fig. 7. Schematic diagram for transmission and reflection of SH
waves.
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H, = Yarexp(ikgy)exp(—iQt) + c.c., (D8)
1 kg

E,=— rexp(ikgy)exp(—iQt) + cc., (D9)
2 €€z

k32 = Qzéo[.tofg. (D].O)

Applying boundary conditions yields
p=a+ B+ én, (D11)
me= —an, + B"]z t ¢e1)

(D12)

alA + BATY + ¢y, = 711, (D13)

—anA + BﬂzA_l + e = — 371l (D14)

where A = exp(ik,L), © = exp(iéL), II = exp(iksl), 71
- kllel, 73 = 53/63’ 7, = k,/¢, and 7y = /€.
The solutions for «, B, 7, and p are

a
E (72 + 73) (b — MmdwA ™ + (91 = 7.)(der + M3m)
(m + 2)(m + 93)A™ = (1 — ) (g3 — p)A
(D15)
B

—(m + 7)(Per + M301) — (13 — M) (Pl — MPR)A
(m + ) (m, + 9)A™" = (1 — 9)(m3 — nz)(AD

’

16)
p=a+ B+ éu, D17)
= (aA + AT + ¢p)II 7Y, (D18)

where ¢; = Uy for phase mismatching and ¢; = Vj; for
phase matching. The explicit expressions for U; and Vj;
are

Un=Ffi+fs+fs, (D19)
Ua = finv + fanv, (D20)
Une =10 + [,071 + f3, (D21)
Up = —f17v® + fapy®7", (D22)
Vi = ds, (D23)
Va= M, (D24)

Siew-Choo Lim
Vie = d1LO + d2L®_1 + dgs, (D25)

i(d10 + dy®71)

€

Ver = —ﬂde1® o 77de2®_1 +
(D26)
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