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LENGKUNG DAN PERMUKAAN BAK BÉZIER PECAHAN TERITLAK

DENGAN APLIKASI

ABSTRAK

Tesis ini menggambarkan pembinaan lengkung dan permukaan Bézier estetik baru

dikenali sebagai lengkung dan permukaan bak Bézier pecahan. Lengkung dan per-

mukaan baru ini dibina menggunakan definisi pecahan kamiran Riemann-Liouville.

Hasilnya, sebuah parameter baru terbentuk yang dikenali sebagai parameter pecahan.

Parameter pecahan ini menambah ciri baru kepada lengkung dan permukaan iaitu ciri

kebolehubahsuaian lengkung dan permukaan pecahan. Parameter pecahan ini mem-

bolehkan pengawalan panjang optimal lengkung atau permukaan tanpa menggunakan

cara subbahagian untuk memotong lengkung atau permukaan tapi masih mengekalkan

titik kawalan yang sama. Selain parameter pecahan, lengkung dan permukaan pecahan

bak Bézier juga mempunyai parameter bentuk. Melalui parameter bentuk, lengkung

atau permukaan dapat mengukuhkan keserbagunaan, membolehkan kawalan bentuk

secara setempat. Tesis ini juga mempersembahkan sejenis keselanjaran baru dikena-

li sebagai keselanjaran pecahan dan mengatasi keselanjaran geometri dalam beberapa

aspek. Terutamanya, keselanjaran pecahan membenarkan lengkung kedua atau per-

mukaan kedua disambungkan ke mana-mana titik sepanjang lengkung pertama atau

disambungkan ke mana-mana garis permukaan pertama, menawarkan lebih kelenturan

dan keserbabolehan. Tambahan pula, analisis keselanjaran pecahan dengan bantuan si-

sir kelengkungan dan plot kelengkungan untuk lengkung dan kelengkungan Gaussian

dan min untuk permukaan juga diberi. Akhir sekali, lengkung dan permukaan pecahan

bak Bézier juga akan diaplikasikan dalam proses pemadanan lengkung dengan kaedah

"potong dan gabung", pembinaan lengkung-κ dan pembinaan permukaan kejuruteraan.
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GENERALIZED FRACTIONAL BÉZIER-LIKE CURVE AND SURFACE

WITH APPLICATIONS

ABSTRACT

This thesis portrays the construction of a new aesthetic Bézier curve and surface

known as the generalized fractional Bézier-like curve and surface. This new curve

and surface are constructed by using Riemann-Liouville fractional integral definition.

As a result, a new notable parameter is created dubbed as fractional parameter. The

fractional parameter added a new property to the curve and surface called fractional

curve and surface adjustability. This fractional parameter enables the control of opti-

mal length without splitting the curve or surface via subdivision method but still main-

tain the control points. In addition to fractional parameters, the generalized fractional

Bézier-like curve and surface also encompasses shape parameters as well. By incor-

porating shape parameters, the curve or surface gains enhanced versatility, enabling

localized control over its shape. The thesis also presents a novel concept called frac-

tional continuity, which surpasses geometric continuity in several aspects. Notably,

fractional continuity allows the second curve or second surface to seamlessly connect

at any point along the first curve or connect at any line along the first surface, offer-

ing greater flexibility and versatility. In addition, the analysis of fractional continuity

with the help of the curvature comb and curvature plot for the curve and Gaussian and

mean curvatures for surface are also given. Last but not least, the generalized fractional

Bézier-like curve and surface will be applied in curve fitting with "cut and combine"

technique, construction of κ-curves and engineering surfaces construction.
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CHAPTER 1

INTRODUCTION

1.1 Introduction: History of CAGD and Origin of Fractional Calculus

Computer Aided Geometric Design (CAGD) is the study of designing, computing

and formulation of curves or surfaces using a computer (Boehm et al., 1994). CAGD

is a unique field where it has unbreakable ties with mathematical disciplines such as

approximation theory, differential geometry, algebraic geometry, functional analysis,

differential equations, and numerical analysis (Boehm et al., 1994). CAGD also has a

significant correlation with the computer science field.

CAGD had a long history and had been applied a long time ago before the term

CAGD had been introduced. In the past, CAGD application can be observed through

the ethnomathematics (study between mathematics and culture) in architecture design.

As proof, it can be seen backdated to ancient times since 4000BC when Sumerians

were the pioneer of the tessellation technique (Pickover, 2009). Tessellation is repet-

itive patterns and shapes that fit together without any gaps and overlap. Other civi-

lizations, such as Egyptians, Persians, Romans, Greeks, Arabs, Japanese, and Chinese,

also applied the tessellation technique in architecture. Each civilization has devel-

oped its own distinctive yet elementary shapes that have been employed in tessellation

(Kizilörenli & Maden, 2021). However, in the Golden Age of Islam, Muslim archi-

tects took it to the next level by decorating the wall of mosques using tessellation of

complex shapes. Chorbachi (1989) said that:

1



"If the Muslim artists, artisans, architects, builders, designers, carpenters

and craftsmen knew geometry, they could not have acquired it sponta-

neously. They must have learned it, and therefore they must have been

taught. But how were they taught? What knowledge of geometry was

available for teaching? Who was teaching, and with what books or man-

uals? If such textbooks or manuscripts existed, then we should look for

them, study their nature, clarify the problems that they resolved, distin-

guish what they considered as problematic in their own materials and find

the geometric methods of construction they used to achieve the designs

and patterns that are now recognized as artistic masterpieces."

This implies without understanding the underlying concept of geometry, it is impos-

sible to craft such a design. The tessellation technique in the architecture design is

irrefutable proof that geometry was heavily applied. In Malay civilization, ethnomath-

ematics where geometry is applied in the designing of houses (windows, doors, and

air ventilation), songket clothes (which is a tenun fabric), mengkuang mats (mats wo-

ven from mengkuang leaves), food cover (tudung saji) (Sulaiman & Husain, 2019).

The Malay people also apply geometry in the designing of the traditional food known

as ketupat sate. The ketupat sate is a steamed or boiled glutinous rice that has been

wrapped using coconut leaf usually in a tessellation of diamond shape container (the

shape depends on what type of ketupat). Eating ketupat has become a part of Malay

culture since the Srivijaya empire era (Ramly et al., 2022). In the Renaissance Age,

naval architects used drafting techniques that applied conic sections to build ships. The

design techniques had been polished for centuries, bending wooden beams into optimal

shapes. Fast forward to the early 20th-century era (modern era), parametric surfaces

2



are used as a description method in automobile manufacturing Farin (2002b).

The CAGD field becomes more popular, especially after the discovery of the Bézier

method. Independently, Paul de Casteljau had developed the algorithm to compute the

curve, but he did not publish it even though the development was a little earlier than

Pierre Bézier’s method. Meanwhile, Pierre Bézier derived the Bernstein polynomial

to compute the curve, which is now known as the Bézier curve (Farin, 2002b). In the

conference at the University of Utah in the year 1974, the CAGD field officially be-

came its own discipline (Riesenfeld & Barnhill, 1974). Currently, CAGD has rapidly

developed, specifically in representing curves and surfaces in mathematical formula-

tions.

Bézier method is one of the famous methods to construct the free-form curve. It

has simple formulation and computation with excellent geometric properties such as

endpoint interpolation and convex hull. These properties make the Bézier methods a

popular choice to apply in designing and manufacturing. Nevertheless, due to the limi-

tations in controlling local shape, the B-spline method was developed as an alternative.

B-spline has more advantages, especially in terms of flexibility and continuity between

piecewise curves. Nevertheless, B-spline also has its own disadvantages where it has

more complex definition than the Bézier method (Farin, 2002a). In the end, the choice

to use which method between Bézier or B-spline depends on the situation. Sometimes,

the designers used the Bézier curve, which is more practical than the B-spline when

taking into consideration of simplicity of the Bézier curve. In other situations, the

B-spline is preferable when considered from the continuity perspective.
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On the other hand, fractional calculus extends the principles of ordinary calculus by

exploring the differentiation and integration of orders that are not restricted to integer

values. The historical development of fractional calculus can be traced back to an

important milestone when Gottfried Wilhelm Leibniz received a letter from Guillaume

de l’Hôpital. In the letter, l’Hôpital asked Leibniz, what if there is a fractional order

of derivatives such as order 1
2 of the simple function such as f (x) = x? Leibniz replied

that it can be expressed by an infinite series. In the same letter, Leibniz conjectured that

the half derivative of x is equal to x
√

dx/x. Leibniz also mentioned that the derivative

would be an apparent paradox where someday, a useful consequence will be drawn

(Miller & Ross, 1993).

Euler also delved into fractional calculus, further exploring its principles and appli-

cations. He wrote in 1730 that when n ∈ Z+, the ratio of dn p to dxn can be formulated

as p(x). For example if n = 2 and p = x3, then the ratio of d2(x3) to d2x is equal to

ratio of 6x to 1, that is d2(x3)
d2x = 6x

1 . What type of ratio can be created if n is a fraction

is the issue? If n ∈ Z+ can be discovered by further differentiation, then this makes

sense. This approach does not, however, demonstrate that n is a fraction. However,

it may be demonstrated with the aid of the interpolation that has been described in

Euler’s dissertation (Ross, 1900).

Lagrange made an indirect contribution to fractional calculus by introducing the

law of indices in 1772. Although Lagrange initially stated that the law applies only to

integer orders, as the theory of fractional calculus advanced, it became evident that the

law holds true for arbitrary orders as well (Miller & Ross, 1993).
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In 1812, Laplace introduced the fractional derivative through an integral, and in

1819, the first reference to a derivative appeared in a text. Lacroix wrote two pages

out of 700 pages in his book on the topic regarding fractional derivative of arbitrary

order (Lacroix, 1797). Starting from y = xa where a ∈ Z+, Lacroix developed the bth

derivative as follows:

dby
dxb =

a!
(a−b)!

xa−b, a≥ b. (1.1)

Using Legendre’s symbol which is the Gamma function, Γ(a), it can be written as:

dby
dxb =

db

dxb (x
a) =

Γ(a+1)
Γ(a−b+1)

xa−b, (1.2)

where

Γ(a) =
∫

∞

0
ta−1e−tdt, a ∈ R+. (1.3)

If a ∈ Z+, then Γ(a) can be reduced to:

Γ(a) = (a−1)!. (1.4)

Then, when a = 1 and b = 1/2, Equation (1.2) will be reduced to

d
1
2 y

dx
1
2
=

d
1
2

dx
1
2
(x) =

Γ(2)
Γ(3

2)
x

1
2 =

2x
1
2

√
π
. (1.5)

Note that Γ(3
2) =

√
π

2 . This result is fascinating since it has the same result as the

modern-day Riemann-Liouville fractional derivative definition. Although the defini-

tion from Lacroix has no hint for applications of arbitrary order derivatives.

Fourier in 1882 also has developed the fractional derivatives (Ross, 1977). He
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derived from the integral of f (x):

f (x) =
1

2π

∫
∞

−∞

f (α)dα

∫
∞

−∞

cos
(

p(x−α)
)

dp. (1.6)

Hence, dn

dxn cos
(

p(x−α)
)
= pn cos

(
p(x−α)nπ

2

)
for derivative values of n. Then,

Fourier generalized by replacing n with arbitrary u,

du

dxu f (x) =
1

2π

∫
∞

−∞

f (α)dα

∫
∞

−∞

pu cos
(

p(x−α)
uπ

2

)
dp. (1.7)

Fourier mentioned that the number u would include whatever quantity, either positive

or negative. The development of fractional calculus became more tremendously arisen

when Niels Henrik Abel introduced fractional operations and applied fractional calcu-

lus in solving integral problems in 1823 (Ross, 1900). Abel solved the integral equation

from tautochrone (isochrone problem) by using fractional calculus. The integral is as

follows:

k =
∫ x

0
(x− t)−

1
2 f (t)dt, (1.8)

where k is constant. Equation (1.8) can be solved using Laplace Transformation

method however, Abel used fractional calculus approach to solve the tautochorne prob-

lem. First, Abel divides both side of Equation (1.8) with Γ(1
2) to get following equa-

tion:

k
Γ
(1

2

) = 1
Γ
(1

2

) ∫ x

0
(x− t)−

1
2 f (t)dt. (1.9)

Notice that the term on the right hand side of Equation (1.9) is actually half integral of
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f (x) and can be written as D−
1
2 ( f (x)). Hence, Equation (1.9) can be written as:

k√
π
= D−

1
2 ( f (x)). (1.10)

Next, Abel applied the half derivative, D
1
2 to solve for f (x) and yield

f (x) = D
1
2

(
k√
π

)
=

k
π
√

x
. (1.11)

Due to the fractional operators with suitable conditions on f , D
1
2 D−

1
2 f = f . Thus, the

solution is a half derivative of a constant k; hence f (x) can be computed. This repre-

sents a crucial aspect of fractional calculus. It is important to note that the fractional

derivative of a constant is not always zero, except when the constant value itself is zero.

Abel’s solution is very elegant in the eyes of mathematicians. This attracts Liou-

ville to study fractional calculus. Liouville developed his first formula of fractional

derivative from the known result of derivatives with the series representation of the

function (Miller & Ross, 1993). The known result of the derivatives of arbitrary order

is as follows:

Dveax = aveax. (1.12)

Then he takes f (x) = ∑
∞
n=0 cneanx as a series. Then by applying Equation (1.12) with

order v, he got:

Dv f (x) =
∞

∑
n=0

cnav
neanx. (1.13)

Equation (1.13) generalized a derivative order where v can be any number even a com-

plex number. Nevertheless, a drawback of the previous definition is that it limits the
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values of v to those where the series converges. To overcome this limitation, Liouville

improved the definition by incorporating Euler’s gamma integral, which is given by:

I =
∫

∞

0
ua−1e−xudu, a > 0,u > 0. (1.14)

Taking xu = t, yields:

I =
∫

∞

0
(ta−1e−t)

dt
xa =

Γ(a)
xa . (1.15)

It also can be written as:

x−a =
1

Γ(a)
I. (1.16)

Then, he applied the fractional derivative operator Dv to both sides and substitute I

from Equation (1.14):

Dvx−a =
1

Γ(a)
Dv
∫

∞

0
ua−1e−xudu. (1.17)

According to Liouville’s assumption, the derivatives with respect to x are regarded as

arbitrary. Hence, it yields

Dvx−a =
(−1)v

Γ(a)

∫
∞

0
ua+v−1e−xudu. (1.18)

Substituting back xu = t in Equation 1.18 will yield as follows:

Dvx−a =
(−1)vΓ(a+ v)

Γ(a)
x−a−v. (1.19)

Despite Liouville’s effort, the definition was too narrow since it only can be used for

a function of x−a. Then several years later, G. F. Bernhard Riemann formulated frac-
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tional integration theory since he was a student. Riemann thought of using the gen-

eralization of a Taylor series and formulated his first definition of fractional integral

operator, D−v as follows:

D−v f (x) =
1

Γ(v)

∫ x

c
(x− t)v−1 f (t)dt +Ψ(x). (1.20)

Due to the uncertainty of the lower limit c, he conjectured that it needs to be a com-

plementary function Ψ(x) to make the equation true. Note that for v≥ 0. the notation

Dv is symbolized for fractional derivative operator, while D−v is symbolized for frac-

tional integral operator. A. Cayley mentioned that the ultimate question in Riemann’s

theory is the meaning of the complementary function containing infinitely arbitrary

constants. This question caused considerable commotion among mathematicians. An

error occurred in Liouville’s evaluation of the complementary function since he did not

take into account when x = 0. If x = 0, then the complementary function Ψ(x) = 0,

however it contradicts with Liouville assumption where there exist a non-zero comple-

mentary function for all x when v is rational. Hence, paradox occurred (Davis, 1927).

From the mentioned definition of fractional derivatives, it become the modern-day

definition of fractional derivatives. In early development, the application of fractional

calculus was uncommon and was more focused on the theory rather than applications.

Fractional calculus, as it has progressed, has found applications in various domains of

engineering and science such as diffusive transport, fluid dynamics, probability theory,

and radiology (Miller & Ross, 1993). Not to mention that fractional calculus also

has a close relationship with CAGD. This will become the starting point of the main

motivation of this thesis.
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1.2 Motivation

As mentioned earlier, it is obvious that CAGD and fractional calculus are distinct

fields and emerging topics in mathematics. CAGD mainly deals with finding mathe-

matical representation of curves and surfaces and usually applied in computer graphics,

engineering design and manufacturing. Meanwhile, fractional calculus primarily solv-

ing integral and differentiation involving the non-integer order and has been applied

in solving physics and engineering problems. Hence, the following question arose:

Despite the differences, is there any intersection or common ground between CAGD

and fractional calculus?

Addressing the question is vital because there is a possibility that there is is unex-

plored and uncharted field waiting to be discovered from the combination of these two

unique fields. Thus, the primary objective of this thesis is to investigate the correlation

between CAGD and fractional calculus. This thesis want to explore the synergy be-

tween CAGD and fractional calculus especially whether the fractional order of integra-

tion or differentiation can be applied in constructing new aesthetic curves and surfaces.

By finding the common ground and linking the bridge between CAGD and fractional

calculus, this thesis can affirm to generate interesting new results and methods.

The study from Unser and Blu (2000) proposed interesting formulation for B-spline

that caught author’s attention. This study introduced the formulation for fractional B-

spline using Liouville’s one side power function. The fractional B-spline has unique

property where it fractional order that can be applied in the approximation theory.

From Unser and Blu work, the synergy of CAGD and fractional calculus can be seen

where the fractional order has been embedded in the basis functions of the fractional
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B-spline. According to author’s research and findings, applying fractional order in the

representation for construction of curves and surfaces are uncommon (see Section 2.7)

for details regarding the synergy between CAGD and fractional calculus). Hence, the

author’s interest lies in following a similar path to Unser and Blu but with a differ-

ent approach: incorporating fractional order from fractional calculus into the Bézier

method.

The Bézier method is one of the most used approaches in CAGD for the curves and

surfaces modelling and designing. The Bézier method’s superior qualities combined

with its simplicity led to its use because of its practicality. It has been used in CAGD

to solve a variety of issues, including curves and surfaces construction, approximation,

interpolation, and shape preservation. The standard Bézier curve, while widely used,

has limitations in terms of adjusting local shape and achieving desired curve or surface

lengths and sizes. These limitations can hinder precise control and customization of

curves and surfaces in certain design scenarios. Therefore, creating new parametric

curves and surfaces with control over shape and length is essential. The local control

of shape may be accomplished by including the shape parameters in the representation.

However, a different kind of parameter must be created to adjust length or size. The

author wants to employ the fractional calculus idea to determine whether the concept

or definition will aid in the development of the new parameter, which will serve as the

thesis’ primary objective.
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1.3 Problem Statements

There are four problem statements that will be highlighted in this thesis. The first

problem is the existing aesthetic Bézier curve and surface have a lack of curve and

surface patch adjustability, especially in constructing the optimal length and size of

the curves and surfaces. Next, the existing concept of continuity only permits the con-

nection of two curves or surfaces at their endpoints or boundary lines. The continuity

conditions should be generalized so that the connection between two curves or two

surfaces occurs not only at their ends. In addition, the classical Bézier curve has lack

control of shape especially in designing fair smooth curves and surfaces with minimal

energy and smooth continuity. Last but not least, in manufacturing and design, the

shape parameters in aesthetic Bézier curves and surfaces offer limited control when it

comes to optimizing shape and size.

1.4 Objectives

This thesis focuses on the construction of novel aesthetic Bézier representation

known as generalized fractional Bézier-like representation, which incorporate shape

parameters. These new aesthetic representation will be used in construction of curves

and surfaces. The research objectives of this thesis include:

1. To introduce the generalized fractional Bézier-like curve and surface with a new

type of parameter called as fractional parameters to control the optimal length

and size of curves and surfaces without depending on subdivision method.

2. To propose a new type of continuity called fractional continuity that allows two

curves or surfaces to be connected at an arbitrary point/line of the first curve/-
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surface without using subdivision method.

3. To analyze the design and fairness of the generalized fractional Bézier-like curves

and surfaces via the shape and fractional parameters in aspect of continuity and

minimizing energy with the help of curvature concept.

4. To apply fractional parameters of the generalized fractional Bézier-like repre-

sentation in the curve fitting process, construction of κ-curves and modelling of

engineering surfaces.

1.5 Scope and Limitations

There is a few scope and limitations that will be discussed in this thesis. The

first scope is this research is focused on the new representation that are created from

the definitions and concepts of fractional calculus. The new representation will be

applied to CAGD applications without modifying the definitions of fractional calculus.

Furthermore, for the purpose of this research, the new representation with the new

type of parameter will be applied in the CAGD problems to utilize in the curve fitting

process, construction of κ-curves and modelling of engineering surfaces.

1.6 Outline of Thesis

The thesis comprises the following chapters:

Chapter 2 covers about the background and literature review of this study. The

review includes the discussion about the parametric curves and surfaces, especially the

classical and some of the aesthetic Bézier curves and surfaces. In this chapter, the fair-

ness metric of the smooth curve and surface such as continuity, and internal energy are
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discussed with the help of the curvature plot and curvature comb. Moreover, the con-

cept and definition of curve fitting is also explained. The definitions and constructions

of the κ-curve and the engineering surfaces are also demonstrated in the same chapter.

Furthermore, the concise history of fractional calculus will be discussed. The synergy

between CAGD and fractional calculus will also be explained.

In Chapter 3, the new aesthetic Bézier representation, dubbed the generalized frac-

tional Bézier-like representation, are introduced along with their properties. In this

chapter, the new aesthetic representation will be focused on the construction of the

curve. The geometric effect of the shape and fractional parameters of the generalized

fractional Bézier-like curve will be analyzed. The new fractional de Casteljau Algo-

rithm for curve construction is also explained. The smooth construction of the curve is

also discussed by using the concept of internal energy.

Chapter 4 focuses on the generalized fractional Bézier-like surface. This chapter

will discuss the properties of the generalized fractional Bézier-like surface and the

geometric effect of the shape and fractional parameters on the surface. The fractional

de Casteljau algorithm for surface construction also will be derived. Some examples of

simple surfaces using the generalized fractional Bézier-like surface will be presented

in this chapter. The role of shape and fractional parameters in surface analysis will

be demonstrated via Gaussian and mean curvatures. Furthermore, the smooth and fair

construction of surface are also analyzed via the internal energy such as stretch and

bending energies.

In Chapter 5, the continuity concept of connecting two consecutive curves is dis-
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cussed meticulously, especially the new continuity concept called fractional continuity.

The behavior of the fractional continuity will be further analyzed with the help of the

curvature plot and curvature comb in curves.

Chapter 6 divulges into the continuity conditions of fractional continuity for con-

necting two consecutive surfaces up until degree two. Furthermore, the behaviour of

the fractional continuity in surfaces also will be discussed by using the Gaussian and

mean curvatures.

Chapter 7 deals with the applications of the generalized fractional Bézier-like curve

and surface. The applications such as the curve fitting process, construction of the κ-

curve, and the modelling of the engineering surfaces.

Last but not least, the overall conclusion with some suggestions for future research

will be presented in Chapter 8.
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CHAPTER 2

BACKGROUND AND LITERATURE REVIEW

2.1 Parametric Curves and Surfaces

To generate the shape, the free-form curves and surfaces are usually become the

main component due to their flexibility and practicality. To represent these free-form

shapes, parametric equations are used to represent all types of curves and surfaces.

Parametric curves and surfaces are particularly useful when the curves or surfaces can-

not be easily expressed as functions on the Cartesian plane. This is due to the compli-

cated Cartesian equations especially in representing curves or surfaces that have self-

intersection. Moreover, if the curves or surfaces fail the Vertical Line Test (a test to

show that a curve is either a function or not) then representing the shapes in Cartesian

equation is impractical. Hence, by parameterization, it allows for easier representation

of complex curves and surfaces (Stewart et al., 2020). This flexibility makes paramet-

ric representation a valuable tool in CAGD and other fields where complex curves or

surfaces need to be modeled and analyzed. Thus, parametric equations are crucial in

CAGD especially when dealing with conic sections (Metsker, 2002).

Hence, researchers create various methods and techniques to develop a good rep-

resentation of the free-form parametric curves and surfaces that can be used in various

conditions and situations. In CAGD, the parametric representation of curves and sur-

faces plays a crucial role in various industries such as architecture, shipbuilding, and

manufacturing. One of the methods known as the Bézier method and this method

become one of the popular tools that have been used in designing curves and surfaces.
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2.1.1 Bézier Curves and Surfaces

In CAGD, the Bézier tool is widely regarded as one of the most practical tools

for modeling curves and surfaces, primarily due to its remarkable geometric properties

(Farin, 2002a; Prautzsch et al., 2002). The classical Bézier curve, which employs Bern-

stein polynomials as its basis functions, serves as a fundamental for the development

of intricate curves and surfaces. Bézier curves has been developed by Pierre Bézier

where in modelling a basic curve based on the intersection of two elliptical cylinders.

Then, the formulation from the two elliptical cylinders are expanded to polynomial

functions with higher degree.

His work caught the attention of A.R Forrest. Forrest able to represent the Bézier

curves in terms of Bernstein polynomial. This implied that Bézier curves will have

properties such as partition of unity, non-negativity, symmetry, linear independence,

convex hull, endpoint interpolation and tangent (Farin, 2002a). The classical Bézier

curve with nth degree can be defined as follows:

f (t) =
n

∑
i=0

(
n
i

)
(1− t)n−i t iPi, t ∈ [0,1], (2.1)

where Pi is the control point and
(n

i

)
(1− t)n−i t i is known as the Bernstein basis func-

tion of nth degree. Figure 2.1 shows the classical cubic Bézier curves with different

set of control points.
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(a) First set of control points. (b) Second set of control points.

Figure 2.1: Classical cubic Bézier curves with different set of control points.

The main problem with Bézier method is the lack of local shape control. Hence, the

rational Bézier curves and surfaces were developed as an upgraded version of the clas-

sical Bézier to address these restrictions. The rational Bézier curves and surfaces have

weight factors that enable shapes to change without moving the control points (Mainar

et al., 2001). Unlike traditional Bézier curves and surfaces, the rational Bézier curves

and surfaces, defined by rational functions, introduce significantly more complex com-

putations, challenging integrals, and recurring differentiation (Hu et al., 2018b). The

traditional Bézier basis functions must be modified in order to keep the good geometric

representation and characteristics of the Bézier curves while enhancing shape flexibil-

ity, approximation, and length adjustability. As a result, several academics discovered

a solution by including a shape parameter into the new basis functions resulting a new

creation of aesthetic Bézier curves and surfaces.

2.1.2 Aesthetic Bézier Curves and Surfaces

To achieve more control over the design of curves, it is necessary to construct basis

functions by incorporating shape parameters. The local shape can be controlled by
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simply varying the values of the shape parameters and still maintain the convex hull.

Bézier method are highly essential in curve and surface design due to their ability to

interpolate at both endpoints and capable to undergo the subdivision process. How-

ever, when a higher curve degree is used to fit or interpolate a large number of points,

the current classical or aesthetic Bézier curves have higher tendency to overshoot. This

is because the higher degree of curve implied higher number of control points. Having

more control points provide more flexibility but makes the process of control points

placement much harder since Bézier curve is sensitive to the control points locations.

If the control point is poorly positioned, then the tendency to overshoot is higher espe-

cially if they is a sudden change in the shape of curve. Overshoot in CAGD is where

the curve or surface constructed over-passed the constraint or control points. Hence, it

is feasible to get around this problem by adjusting the curve’s ideal length. In addition,

the classical Bézier curve and surface can only give approximation representation of

conic sections. From the mentioned limitations, researchers have developed the mod-

ified version of the classical Bézier curves and surfaces which have more malleability

but still maintaining the traditional Bézier properties which known as the aesthetic

Bézier curves and surfaces.

The goal of developing aesthetic Bézier method is to overcome the constraint of

classical Bézier method, which states that changing the shape requires changing the

control points. Therefore, in order to overcome this restriction, numerous researchers

developed the aesthetically pleasing Bézier curve with shape parameters. For instance,

the generalized Bézier curve with shape parameters via integral technique was intro-

duced in Wang and Wang (2005). Yang and Zeng (2009) constructed a Bézier curve

with n shape parameters of nth degree. Adding shape parameters would provide local
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shape adjustment, thus, increasing flexibility.

The conic sections can also be approximated using the rational Bézier curves.

Therefore, in order to provide a more precise approximation of the conic sections and

also exact representation of some conic sections, researchers devised the trigonometric

Bézier basis functions. Bashir et al. (2012) proposed rational quadratic trigonometric

curves and it can represent the elliptic arc. Meanwhile, the cubic trigonometric Bézier-

like curves derived by Usman et al. (2020) can represent the elliptic and parabolic arcs.

Ammad et al. (2022) created the generalized trigonometric Bézier curve by introduc-

ing nth degree of trigonometric basis functions with two shape parameters and can give

representation of circular and elliptic arcs.

The examples provided in Yan et al. (2017) and Yuksel (2020) show the use of

Bézier curves to construct objects, ensuring that the resulting curves are free from self-

intersections. Different levels of continuity and curves degrees can be employed to

create self-intersection-free curves (Adnan et al., 2020). Next, it is a quite inconsistent

to interpolate the endpoints using different Bézier curves degrees since it can disturb

the uniform and consistency of the designed curves. To generate the self-intersection-

free curve using the same degree of curves, a new type of parameter is required.

The aesthetic Bézier basis functions can also be extended to construct surface. For

example, the shape-adjustable generalized Bézier surfaces with n+ 1 shape param-

eters is developed by Hu et al. (2018b). BiBi et al. (2019) proposed the Generalized

Hybrid-Trigonometric Bézier (GHT-Bézier) basis functions by incorporating exponen-

tial and trigonometric functions with three shape parameters to construct new aesthetic
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surfaces. While, Ammad and Misro (2020) has construct surfaces from quintic trigono-

metric Bézier basis functions with two shape parameters. The hyperbolic functions are

also incorporated in the aesthetic Bézier basis functions to generate surfaces called as

the H-Bézier surfaces (Li et al., 2020).

In summary, the advantages of the aesthetic Bézier curves and surfaces are the

local control of shape of curves and surfaces without altering the control points via

shape parameters. In addition, some of the aesthetic Bézier curves and surfaces can

give exact representation of conic sections. However, the glaring limitation of most

of the aesthetic Bézier curves and surfaces is they do not have subdivision method in

order to construct the fraction of the curves or surfaces. Only classical Bézier curves

and surfaces can undergo subdivision method due to de Casteljau algorithm. Hence,

it has been the aim of this thesis to construct aesthetic Bézier curves or surfaces that

have shape parameters but still able to employ subdivision method or any alternative

method that has same effect with the subdivision method.

2.2 Fairness Metric of Construction of Smooth Curve and Surface

Smooth curves and surfaces are essential in engineering and architecture in order to

manufacture elegant products and keeping structures from collapsing, especially when

working with a variety of shapes and lengths. It is possible to create smooth curves

and surfaces by adhering to specific fairness rules. The measures that are frequently

utilized to assess the fairness of curves and surfaces include continuity conditions,

internal energy, and curvature analysis.
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2.2.1 Continuity of The Curve

Curve modelling can occasionally be delayed due to the complex nature of curve

design. By utilising continuity, which allows complicated curves to be divided into

simpler curves, this issue may be fixed. Given their ability to allow two curves to

link smoothly, parametric and geometric continuities have significantly grown in curve

modelling. The parametric and geometric continuities of order r are symbolized by Cr

and Gr, respectively. These two kinds of continuities are typically used as benchmarks

in creating smooth curves and surfaces.

Numerous research has been done regarding continuity of parametric curves and

aesthetic curves. For example, DeRose and Barsky (1985) provided a meticulous dis-

cussion on the concepts of parametric and geometric continuity in the context of para-

metric curves. In the work by Barsky and DeRose (1990), the establishment of geomet-

ric continuity for both the Bézier curve and the Beta spline (B-spline) was thoroughly

investigated. Researchers have discussed the C0, C1, and C2 continuity, as well as the

G0, G1, and G2 continuity, for various aesthetic Bézier curves, including the general

Bézier (GE-Bézier) curve with n shape parameters (Qin et al., 2013) and the Ratio-

nal Quadratic Trigonometric Bézier (RQT-Bézier) curve with two shape parameters

(Bashir et al., 2012). The same level of parametric and geometric continuity was also

studied for the Q-Bézier curve and the quintic trigonometric Bézier curve with two

shape parameters (Hu et al., 2017a; Misro et al., 2017). General Hybrid Trigonometric

Bézier (GHT-Bézier) curve, which is another aesthetic Bézier curve, also studied the

parametric continuity and geometric continuity of the corresponding curves up to C3

and G3 in BiBi et al. (2020).
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2.2.2 The Internal Energy of Curve

Another crucial element in determining smooth curves and surfaces is the inter-

nal energy. In general, maximising curve smoothness is resulted from minimization

of internal energy (Horn, 1983; Wesselink & Veltkamp, 1995). The arc length and

bending energy were explicitly studied in relation to the quadratic Bézier curve and its

applications in Ahn et al. (2014). The geometric construction of the minimal energy

for the generalized Bézier curve was first introduced by Xu et al. (2011). Next, Ahn et

al. (2014) suggested a method for determining the geometric constraints on quadratic

Bézier curves using the least amount of length and energy. Meanwhile, the finding of

the minimal jerk energy for Bézier curves utilising related matrices was discussed in

Erişkin and Yücesan (2016). In a recent study in Li and Zhang (2020), the planar cubic

G1 Hermite interpolation curves were investigated regarding the aspect of minimizing

length and curvature variation energy.

The aim of curve modelling often involves creating a smooth curve. The smooth-

ness of the curve will be maximized by reducing an appropriate amount of energy

(Wesselink & Veltkamp, 1995). One of the important techniques in curve modelling is

thought to be minimizing the curve’s energy. The external energy, Eexternal and internal

energy, Einternal that make up the total energy, Etotal in the curve are often expressed

by the following equation:

Etotal = Eexternal +Einternal. (2.2)

The curve’s external energy is a portion of the overall energy that is dependent on

factors outside of the curve, such as its surroundings. To calculate external energy,
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Eexternal , the external forces need to be identified. As example, the external forces can

be from friction, gravity and wind. The energy generated by the characteristics (such as

the curve’s shape) and behaviour of the curve itself is known as the internal energy of

the curve. The overall shape and characteristics of the curve will be determined by this

internal energy (Wesselink & Veltkamp, 1995). According to Veltkamp and Wesselink

(1995), the relevant energy function typically depends on the local characteristics of

the curve, such as curvature and tangent vector (i.e. internal energy). The internal

energy of curve can be written as the sum of stretch energy, Estretch, bending energy,

Ebending and curvature variation energy, Ecv. The equation is as follows:

Einternal = Estretch +Ebending +Ecv. (2.3)

In this thesis, the minimizing of internal energy will be the main focus. The definitions

of stretch energy, Estretch, bending energy, Ebending and curvature variation energy, Ecv

for curve will be discussed further in Chapter 3.

2.2.3 Curvature Analysis of Curves

Curvature is one of the important concepts in differential geometry. This is because

by analyzing the curvature of a curve, the fairness and the smoothness of the curve can

be determined (Farin & Sapidis, 1989). There are multiple interpretations of curvature

(Goldman, 2005; Guoxiang, 2018):

1. The degree to which a curve deviate off a straight line.

2. The reciprocal of the circulating radius, that is, 1
R , where R is the circulating
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