UNIVERSITI SAINS MALAYSIA

Peperiksaan Kursus Semasa Cuti Panjang
Sidang Akademik 2003/2004

April 2004
JIM 414 — Pentaabiran Statistik

Masa : 3 jam

Sila pastikan bahawa kertas peperiksaan ini mengandungi DUA PULUH DUA muka
surat yang bercetak sebelum anda memulakan peperiksaan ini.

Jawab SEMUA soalan.
Baca arahan dengan teliti sebelum anda menjawab soalan.

Setiap soalan diperuntukkan 100 markah.
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(b)

(©)

(2)

=2 = [JIM ~

Xy, Xz, ..., Xn adalah suatu sampel rawak daripada taburan Bernoulli ().
Takrifkan X, = 1 > X;. Buktikan
n =
i X,—>p
Gg) 1-X, —E->1-p
(50 markah)

1 X~ xf,. Tunjukkan X juga tertabur secara Fp.
(i) X* ~F,. Tunjukkan X tertabur secara t,.

(20 markah)

Daripada sampel rawak bersaiz 20 yang diambil daripada taburan normal kita

perolehi

20

20
> x, =257.6dan Y x? =5234.17.
i=1

Dapatkan selang keyakinan 90% bagi c°.

(30 markah)
Xj, ..., Xa adalah sampel rawak daripada taburan Poisson (6)
e 0" s 1
f(x, 0) = 7 Ioiz2.,(X), 6>0. Katakan X, = - Z X, .

(i) Tentukan sama ada S} =L1 D (X,-X,)* penganggar saksama
n-—1"-1s

ataupun pincang bagi 6.

(ii) Tentukan hal yang sama bagi X, .

(iii) Selain daripada memerhatikan kesaksamaan, bagaimanakah kita boleh
menilai S2 dan X, sebagai penganggar 8?7 Huraikan cara penilaian
ini.

(50 markah)

sa: 3=
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-5 [JIM 414]

(b) Xi, ..., X, adalah sampel rawak daripada taburan Poisson (0). Adakah
Z X, lengkap? Huraikan.
i=l

(20 markah)

(c) X, ..., Xn adalah sampel rawak daripada taburan N(u, 6*). Pertimbangkan
X-p
o/n

(i) Sahkan yang statistik ini ialah kuantiti pangsian.

statistik Z =

(ii) Apakah yang boleh dibina dengan kuantiti pangsian ini? Huraikan
(30 markah)

(a) X, ..., Xn adalah sampel rawak daripada tabuaran gamma (4, 6). Takrifkan

K=l D X, Terbitkan
n G

(1) selang keyakinan hampiran 95% bagi 6 apabila n = 100.
(i) Selang keyakinan 95% bagi 6 apabilan = 5.
(50 markah)

(b) H,:p=0.1 lawan H, : p # 0.1.

X1, Xz, ..., Xjo adalah sampel rawak daripada taburan Bemoulli (p).
10

Sekiranya Y = Z X, digunakan untuk menentukan rantau genting berbentuk
i=l

Y2>6,
(1) nilaikan kebarangkalian ralat Jenis I.
(ii) nilaikan kebarangkalian-kebarangkalian ralat Jenis II jika alternatif-

alternatif kepada Hy sebenarnya adalah p=0.2 danp =0.4.
(50 markah)

... 4/-
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4. (a) X, ..., Xn adalah sampel rawak daripada taburan yang berfungsi ketumpatan

£(x; 8) = (26x +1- O)I,, (x), ~1 <O <1.

Katakan kita ingin menguji H,:0 <6, dan H,:6 > 6,.

(i) Dapatkan rantau genting paling berkuasa secara seragam saiz-o jika ia
wujud.

(i1) Cari statistik T = u(Xj, ..., X,) yang mana nisbah
L(6y; xi1, ..., Xn)/L(82; X1, ..., Xn) merupakan fungsi berekanada bagi

t= u(xiy, ..., X), 6, € ©, dan 6, € O, jika ianya wujud.

(1ii) Bolehkah kita menggunakan f(x; 6) = a(0) b(x) exp [c(6)d(x)] untuk

mendapatkan rantau genting paling berkuasa secara seragam saiz-o.?

Jelaskan.

(iv) Dapatkan rantau genting saiz-a ujian nisbah kebolehjadian hipotesis ini.

Adakah (i) sama dengan (iv)?
(80 markah)

(b) Sekeping syiling dilempar 500 kali. Dua ratus lapan puluh kepala dan 220
bunga muncul. Adakah syiling ini adil? Jelaskan.

(20 markah)

...5/-
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(a)

(b)

(©)

(d)

5= [JIM 414]

X1, ..., Xn adalah sampel rawak daripada taburan seragam (a, b). Dapatkan

taburan statistik tertib ke-j sampel ini.
(25 markah)

2
X1, ..., Xp adalah sampel rawak daripada taburan Gamma (% " %)

Dapatkan batas bawah Cramer-Rao bagi ”.
(25 markah)

X1, Xz adalah sampel rawak daripada taburan seragam (0, 6 + 1). Untuk
menguji Hy: 6 = 0lawan H; : © > 0, dua yjian dipertimbangkan:
I: Tolak H, jika X; > 0.95
II: Tolak H, jika X, + X, > C.
Cari C supaya saiz Ujian II sama dengan saiz Ujian 1.
(25 markah)

L(x) dan U(x) memenuhi P(L(X)<6)=a, dan P(UX)=2=6)=aq,.
Nilaikan P(L(X) < 6 < U(X)).
(25 markah)

.6-
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Lampiran
had
L “ F(=0@
n— o

2. E[cX]=cE[X]

3. Var (aX +b) =a’ Var (X)

4.  E[X]=p
5. Var(z\_’)=0—-
n
6. P(IX-MIZS)SZ;
7z, -drKm)
o

8. Mg, ()=[M,@O)
9. Mz@)=[ME/n)

10. g, =n[l-FOMI"' f(»)

n! a-1 . n-a
1. g,0)= (a_l)!(n_a)![F(y)] SON-F(»)]

.7/
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12.

13.

14.

15.

16.

17.

18.

19.

n!

-7 [JIM 41

ga,p(X,J’) =

a<f
2, =nlFOI" f(»)
(O = frlg O]

o—l
ES0
dt

L(8;%,, %35 %,) = | | f(x:,6)
* i=]

(a—l)!(ﬂ—a.—l)!(n—

Y [FEI fF () = F)) f(DI-F

f(x;8)=2(8) b (x) exp [c (0) d (x)]

Var (T) > [2'())

nEl2log f(x6)}°]

2

E[{%log f(x; 8)}*]=-E [aae-z

log f(x; 6)]
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Rumus-Rumus

Modul 1

Pelajaran 1

1.

2.

(93]

P(A U B) = P(A) + P(B) — P(ANB)
P(A) = P(AN B) + P(A N B)

P(A) = 1-P(A)

n!

by = @-0!

() r'(n r)'
n!

N = T, o

Pelajaran 2

19

w

P(A N B)

P(AIB) = ~PE)

P(A N B) = P(A)P(B)

P(A) = P(A|B) P(B) + P(A | B) P(B)
P(ANB))

5 P(a1B) P®)

=1

P(B; | A) =

Pelajaran 3

—

Bl

Pa< X <b) = j f(x) dx

]

Pa< X <b)= X p(x)
a<x<b

F() =_P(X <) 9.
P(a < X £ b) = F(b) - F(a)

1139
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[Lampiran JIM 4
d
S. T F(t) = f(v)
6.  Fy() = Fy (g71()
7. Fy(® = 1-Fx(g @)
8. fy(t) = fy(g i) 1T
_ de'
9. J = _Qr
10. fy(t) = _fl fx (€M) 1J;1)
1=
d 4
12. Py(y) = X Px(x)
Xe A
Modul 2
Pelajaran 1
1. EX) = ) xp(x)
X € Julat X
2. 1+x+x2+...+x"+...=]ix,lxl<1
n-] - 1
3. 1 +2x + ..+ nx +...—(1_x)2,lxl<l
4. EX) = [ xf(x) dx
P 0
5. EX) = j [1-£(x)] dx — j F(x) dx
0 ~o0
6. E[GX)] = )y G(x) p(x)
. X € Julat X

.10/
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10.
11.

13.

14.

15.
16.
17.

-10-

E[G(X)] = j G(x) f(x) dx

Elc] = ¢

E[cX] = cE[X]
E[X+c] = E[X] + ¢
Var (X) = E[X - E[X])?

Var (X) = E[X?] - pk

Va(X) = ¥ x2p(x) — p%
x € Julat X P Fx

Var (X) = [ x2f(x) ax - p}

Var(a) = 0
Var (aX + b) = a? Var (X)
Fy () =k, O<k<]1

Pelajaran 2

1.

2.

m, = E[X¥]
m; = > xX p(x)
k X € Julat X 4

m, = J xk f(x) dx

w, = E[(X -ty

Y = by /o
K =

‘Yz = '_44'"—' J.
O

Hyg = EXX-DX-2)..X-k+1)]

m(t) = E[etX]

1141

[Lampiran JIM 414]

LA/



10.

11.

16.
17.

18.

19.

-11-

m(t) = 3 e p(x)
x € Julat X

m@ = [ e f(x) dx

my (1) = E[eX)]

my (1) = > ) p(x)
Y X € Julat X 3

my() = [ e fx) ax

my(t) = e my (at)
m®©) = m,

k(1) = t m(t)

v = E[tX)

oo £(i) )
©=3 ) (¢

1=
y® (0) = i! p(i)

PAX 12 2) < -al—?_ E[X2]

—

P(1X-plz ac) < 2

P(IX-pul<ao) 2 1—-;—2

P(X=2a) < E_gX_l

E[X"] = j nx™! (1 - F(x)) dx

0

1142
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Pelajaran 3

pomd
.

w

@)

(ii)

(ii1)
(iv)
@)

(ii)
(i11)
@av)

(i1)

(iii)

q, x=0
p(x) =14 p, x=1
0, ditempatlain
Bl = p
Var (X) = pq
m(t) = q + pe'

n
X n-Xx , x=0, 1, 2’_._’
p(x) = (x) P'q,x=0 n
0 , ditempat lain

EX] = np
Var (X) = npq

m(t) = (q + pel)n

[y

X n—x

px)=<4  (NY ° x=0,1,2,...,n
y

nK
E[X] = W

nK(N - K)(N —n)
N*(N-1)

Var (X) =

(a+b) = igo (7) b

1143

0 . ditempat lain
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X ~ Bernoulli (p)

X ~ hipergeometri (N, k, n)

TS



10.

@

(i1)
(ii1)

(iv)

)
(i)
(iii)

(iv)

@)

(11)
(iii)
@1v)

had
x—=0

had

X =500

had
x—0

-13 -

*p,x=1,2,3,..
p(x) = q P . '
0 , ditempat lain

E[X] = l/p

Var (X) = q/p?

i) 1—qet

(x - 1) p'q* ", x=r,1+1, r+2

p(X) = r—1 I'=2, 3, 4, oos
0 , ditempat lain

E[X] = 1/p

Var (X) = 1q/p?

m(t) = [ pel J
1-ge'

A
p(X)z € ;,X=0,1,2,...
0 , ditempat lain

E[X] = A
Var(X) = A
m(t) = ere-D)

(+x)”* =e

(1+l) =e
X

Ux

(1+ax)" =e*

1144
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X ~ geometri (p)

X ~ negatif binomial (1

X ~ Poisson (A)

... 14/-



- 14 -
Pelajaran 4

La<x<b
L 4 =% p—a
0, ditempat lain

(i) E[X] = —

2
Gii) Var(x) = =2

iv) m(@) = m

[N

(i) E[X] =wu

(iii) Var (X) = o2

iv) m@) = ez

3. hadP aS@Sb]—)P(ZZa)—P(Z>b)

e ~0pPq

-

4. hadPla< X%’l <b]——>P(Z>a)—P(ZZb)
l—doc L s
a_ =2 >
5. ) fxy=." *x20
0, ditempat lain

(1) EX] = 1A

(iii) Var (X) = 1/A2

(v) m(@) = T3

1145

() . f(x) = e —e<x<o

[Lampiran JIM 414]

X ~ seragam (a, b)

X ~ N(u, 6?)

X ~ eksponen (L)

..15/-
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6. TI(n) = Ix"" e *dx
0

7. TI(n) = (m-1DT(n-1)
8. I'ln) = (n=-1)

Z'n xn—! e-)-x . 0
9. () fx)= I(n) ’
0 , ditempat lain

(i) E[X] = o/a
(ili) Var(X) = p/A2

. . A
(iv) m() = (T_IT

1 xuf.’—l -x2
10. (i) f(x)= 2”’—’1“(2) ,X >0
0 di tempat lain

(i) EX]=n

(iii) Var (X) = 2v
@v) m@) = (—1—) )

1
1L Bx, y) = [tI(1-tp'
V]

2. Bixy) = |

[x—l
dt
o (1+0)*

13. B(x, y) = -I;_(ZZ\I;))’)

1146
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X ~ Gamma (n, A)

...16/-
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xa-l (1 - x)b—l

1
4. () fx) = { B(a,b) ,0<x<1 X ~ Beta(a, b)

0 , ditempat lain

@ F@=Y (Z) p* (1-p)™™

x=2

(iii) E[X) = =
. _ ab
) VarX) = 8T Da b2
Modul 3

Pelajaran 1

. PX<Xx,Y<y= Y T p(t;, )
LUSX LSy -

o

PX <x, Y

IN

y) = jj f(t,, t,) dr, dt,

3. Fxy)=PX <x,Y<y)

9°F(x . V)

4. fx,y) = dxdy

Pelajaran 2

L p(x) = p(x, )

2 py) = Y p(x,y)
3. f(x) = J’ f(x,y) dy
4. f(y) = [f(x,y)dx
) = F(x, o) .17/
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10.

11.

12.

-17 -

F(y) = F(ee, ¥)
F , &
OF(eo,

) = TP
_ px,y)

pixly) = p(y)

fxly) = g

p(x,y) =pXx) p(¥)

f(x,y) = fx) {(y)

Pelajaran 3

1.

o

E[g(X, Y)]

> > gx,y)pxy)
Xy

I]‘- g(x,y) f(x,y)dxdy

—c0—00

E[g(X, Y)]

E[g,(X, Y) + g,(X, Y)] =E[g;(X, Y)] + E[g,(X, Y)]

Efh,(X) h,(Y)] = E[h;(X)] E[hy(Y)]

(i) Cov(X,Y) = E[X-Hy) (Y -Hy)]

(i) Cov(X,Y) = E[XY]-pyuy

Cov (aX, bY) = ab Cov (X, Yy ° "

Var (X +Y) = Var (X)+ Var (Y) + 2Cov (X, Y)

1143
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10.

11.

12.
13.

14.

16.

17,

18.

19.

20.

- 18- [Lampiran JIM 414]

Var [j xi) = _ﬁl Var (X;) + 2Y.3 Cov(X,Y)
1 1=

=1 1<

Cov(X,Y)

PX.Y) = =5 5,

EgX.Y)IY=y] = 3 gx,y)p(x1ly)
X

ElsX, V)1 Y=y] = [g(x,y)f(xly) dx

—oo

E[E[X Y =y]] = E[X]
E[E[Y X =x]] = E[Y]

E[E[gX) I Y=y]]= E[g(X)]
E[E[g(Y) 1 X=x]] = E[g(Y)]
Var (X1Y=y) = E[X21Y =y] - (E[X|Y =y)2

m(t;, )= E[e

34X,
m(t;, iy, ..., t )= Ele™

m(t;) = lim m(t;, t,)
ta—0

l|X;+l-_-X:]

m(t,, t,, ..., ) = m(t;) m(t,) ... m(t,)

Pelajaran 4

1.

. _ n! . X xs x
(@) p(Xys X9 s X)) = —xll AN Py Py - P

n
X;

(ii) p(xi)=( )p?'(l—p;)“"'

n!
b

(iii) p(xi,xj) =

X;!x;{(n - x; - X;)! pi'p;'(1—p, -Pp;)

(iv) E[Xin] = n{n-1) p;p,

) Cov(X;,X;) = -np;p, .. 197-

1149



=1 =

- 1 1 X= # 3
2. f(x,y) = - ]
@ fx.y) 270,0,~/1- p? exp{ 2~ pz)[( “E )

() ) [z ]

—0 <X <o, —0<y< oo

[Lampiran JIM 41

(i) f(xly) =

Y

|' 2
5 /27:(1_‘)2) exp i——%l—;z)ci l:x--“-x —pz—"(y—uy)] }
-0 <X <oo
(iil) m(t,,t,) = exp[:tlp.x+ tqu+% (t} ok +2ptt,050, +12 ci)jl
(iv) -E[XY] = pgly + p OxOy
(v) Cov(X,Y) = poyOy
Modul 4

Pelajaran 1

1 & s
1. Mk = ; Xf
i=l

1150
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[Lampiran JIM 414]
7. E[S?] = ©?
o 1 -3
8. Var(s?) == (u4—-§§_1§o‘4)
9. _{ﬁxr4g2=.£log-iﬂ+-mi—uy
1= 1=
0. Xop =+ 3 (X, -
n =1
Pelajaran 2
L p@wv) = pyy (g7 (V). €5 (1)
2 fluv) = fyy (27 @), g5 W) 171
ax 9x
2 _|du v
3 J= 9_}’ _3_}_
Jdu Jdv
4 fw)= ) ey (g @ v.by (U, v))
1=1
dgl'(u.v) Jdgli(u,v)
du av
5. 1. =
dh’'(u,v)  Jh'(u,v)
du av
6. muA\-([I’t2) = I J el:S(x.)‘)-l:h(x.y) f(x,)’)d.Xd}
7. mu(t)¥ j je‘g‘*"" f(x.y)dx dy
T 21
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10.

11.

s J] .-

@ fooxoy(@) = [ £, (x,u=—x) dx

- oo

W fooxy@) = [ £, (u-y,y) dy

) fooxoy(W) = [ fiy(x.x—u)dx

- oo

() fooxv(@) = | £ (u+v,y) dy

@) Loy (@) = |

- oo

I% fy v (x,u/x) dx

() ooy (W) = |

" fxy (ufy,y) dy

foaxy(u) = j Iyl fy ¢ (uy,v) dy

Pelajaran 3

1.

& / a\~(n=1}72
00 = T[(n+1)/2] Hx_\

i — ,—eo<X < oo
& I'(n/2)~'wn n ) ‘
.. V4
T = —
(i) VV/n

(i) E[X] =0

(V) Var[x] = %

11562
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-22.

[ Tim+n)/2 (E)m’l (m-22r2
!m n [1+(m/n)X]<m-n)/:
0 . di tempat lain
T/
(1) F = ﬁ

(ili) E[X] = n%

2n2 )
(iv) Var(X) = m

- 0000000 -

1153
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