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JIM 414 - Pentaabiran Statistik

Masa: [3 jam]

| ARAHAN KEPADA CALON:

*  Sila pastikan bahawa kertas peperiksaan ini mengandungi DUAPULUH TIGA muka

surat yang bercetak sebelum anda memulakan peperiksaan ini.

 Jawab SEMUA soalan. Setiap soalan bernilai 100 markah dan markah subsoalan
diperlihatkan di penghujung subsoalan itu.

i *  Setiap jawapan mesti dijawab di dalam buku jawapan yang disediakan.
|
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[JIM 414]

X,» X5, ..., X, adalah sampel rawak daripada taburan N(, ¢2).

1 n

2 -
Andaikan §* = Z(Xi— X) di mana X = -
n

n-=1 55

Dapatkan Var (S2).

i=]

X.

1.

(25 markah)

Kyy Koys vy X, adalah sampel rawak daripada taburan N(O, o). Dapatkan

penganggar kebolehjadian maksimum buat 62,

(25 markah)

X,» X5, .., X, adalah sampel rawak daripada taburan N(1, 02). Binakan selang
keyakinan 95% bagi o dengan menggunakan kaedah kuantiti pangsian.

Diberikan n = 10, s = 0.04. Katakan kita ingin menguji H, : 6>= 0.01 menentang
H,: 02 < 0.01. Dapatkan rantau genting ujian ini jika statistik ujian ialah

n — 1)$?
o o @ 1S
Op
Takrifkan statistik tertib.

Ia digunakan di dalam kaedah kebolehjadian maksimum untuk mencari penganggar.

Berikan suatu contoh tentang hal ini.
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(25 markah)

(25 markah)

(20 markah)

(30 markah)
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-3- [JIM 414]

© X;,Xy, .., X, adalah sampel rawak daripada taburan seragam (6 - 15 , 0 + li-}
Andaikan Y; < Y, < .. <Y, menandai statistik tertib bagi sampel rawak

Y, +Y
tersebut. Katakan—lz—2 adalah penganggar bagi 6. Semak kesaksamaan

penganggar ini.
(50 markah)

(a) Nyatakan Teorem Lehmann-Scheffe'.
(20 markah)

®) X, X,, .., X, adalah sampel rawak daripada populasi bertaburan seragam (0, 6),
6 > 0. Tunjukkan Y = maksimum (X;, X, ..., X)) adalah statistik cukup dan

lengkap.
(30 markah)

(c) Seterusnya cari PSVMS bagi 0 di dalam (b).
(50 markah)

X1» Xy, ..., X, adalah sampel rawak daripada populasi yang mempunyai fungsi
ketumpatan kebarangkalian f(x; 6) = ée"‘/ 8 6>0,x>0.

(a) Dapatkan penganggar kebolehjadian maksimum bagi 6.

(25 markah)
(b) Dapatkan maklumat Fisher bagi 6.

(25 markah)
(c) Seterusnya nyatakan taburan asimptot bagi (a).

(20 markah)

(d) Dengan menggunakan (c) binakan selang keyakinan hampiran 95% bagi 6.
(30 markah)
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Takrifkan Ujian Paling Berkuasa Secara Seragam.
(20 markah)

Andaikan X, X,, ..., X5 adalah sampel rawak daripada taburan Bernoulli.
f(x; 8) = 6%(1-0)1%, x=0,1, 0<6 < 1. Katakan kita hendak menguji
H,: 6 =% menentang H,: 0 < % Berdasarkan sampel tersebut, tolak H jika

X; < c. Tunjukkan ini adalah ujian paling berkuasa secara seragam.
1

1=

(50 markah)

Dapatkan aras keertian apabila ¢ = 1.
(30 markah)
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Lampiran
Bab 5

10.

11.

12.

13.

14.

i) =T [fix;)

_1 roo_
M, == i§1 X, r=123,
- 1 n
X, =3 igl X,
1 n =
M==- 5 X-X),r=1,2,3, ..
n= !
2 1 n —
Sp = o7 2 X-X)?
1=1
2 _ 121 =2
Su =3 -El(xi_x)
E[MT] = E[X]
E[X,] = p

Var (X,) = 6%/n
n n _ _
'Zl X -w? = _Zl X; -X)? + n(X - p)%.
i= i=
E[Sﬁ] = o2
M (t) = [M(t/n)]"
hagP(l}Tn —ul<g)=1

hadE, = F

n—oo
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

-6- [Lampiran JIM 414]

_InX, -

(o3

Zz

n

had F, (z) = ®(2)

R 2
(X] _)—()2 =|:Z(Xi_}?):l

& (X, —X)?
> &AL

i=1

2
= (n—l)i—_';—

G, (y) = 1-[1-F(y)"

G, () = [Fy)°

g1(y) = n[I-F(y)]™! f(y)

8.(¥) = n[Fy)I™! f(y)

n

Go() = Y, G) [F()Y [1- Fy)pr-

j=a

_ n!
8Y) = (e Ditamoyt FOIS! f(y) [1-F(y)]™

_ n!
Bop(x:y) = @-DIB-oDyigapyr [FCOI™! £
[F(Y) — F(x)1P-o-1 f(yy[1-F(y)]n-B, oo < B
g(yp Y2’ ceey yn) . l'l! In-I f(y)
i=]

1
Median sampe] = {5 (¥, 2*¥(.12)2)> jika n genap

Y(m),z » Jika n ganjil

Julat sampe] = Y, - Y,

sl

92



29.

30.

31.

32

33.

34.

Tengah julat sampel = 5 (¥, +Y,)

0,x<c
l1,x=c

had Fn(x)={
P(IX —-cl<g) =1, €>0
had M, (t)= M(t)

2 Zy3

X e"X
X — —
e—1+x+2!+ 31 , 0<z<x

n—eo n—eo

n n

Bab 6

1.

L(8; X;» Xpy s X) = ] | £x;,6)
i=1

L(6,,6,, ..., 6,) = [ | £(%;.6,, 65, s 6,
i=1

X=2 T e

E[T] = 1(6)
Eg[{T - 1(6)}?] = Var (T) + {E[T] - 1(0)}2

[z (O

a 2
nE[{% log f(X; 9)} ]

Var (T) 2

93

had[1+3+m] = had(1+3) — ¢*, jika had w(n) = 0
n n—oo
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20,

21;
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3 ? 3
E[{% log f(X,O)} :l = —E[W log f(X;O)]

had P, [IT, —7(0)I<e]l =1, €>0

rad , [(7, <] 0

f(x, X9, - X3 0) = g(t; 6) h(x,, Xgy wees X))
f(X), Xgs o0 X3 0) = gL, 4y, ooy B 0) h(x,, Koy wess X
L(6; xq, -, X)) = g(t; 0) h(x,, X,, ..., X

E[X] = E[E[X 1Y =y]] = E[E[X Y]]
Var (X1Y=y) = E[X-E[XIyD)?ly]

Var (X)

Var (E[X | Y]) + E[Var (X1 Y)]

E[z(T)]

0 = P[z(T)=0]=1
f(x; 8) = a(B) b(x) exp [c(B) d(x)]

f(x; 8;, ..., 8) = a6, ... 8;) b(x) exp [c,(B, ..., B,) d;(X) + ... +
c (8, ..., 8)) d (x)]

f(x; 6) h(x — 0)
f(x; 0) = é h(x/6)

u(x; +¢,x,+¢, ..., X, + c) = u(x,, X9y s X)) + C.

.9)-
94



-9-
22. u(cxy, CXy, ooy CX ) = CU(Xy, Xgy wony Xp)
jer(x,.;e) de
23, (s Koy v Xyy) = =
[ TTtcx;:6) d6
i=]
Rumus-Rumus
JIM 312 - Teori Kebarangkalian
Modul 1
Pelajaran 1
1. P(A uB)=PA) + PB) - PANB)
2. P(A) = P(ANn B) + P(A N B)
3. P(A) = 1-P(A)
n!

% nPr = (n —1)!
3. ( ) r'(n -1)!

n!
6. N =g ng
Pelajaran 2

_ P(ANnB)

1. P(AIB) =P®)
2. P(ANB)=PAPB)
3. P(A) = P(A1B)P(B)+P(A|B) P(B)
4. PB;lA) = PLaby

Z P(A | B, ) P(B )

=1
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= 10 [Lampiran JIM 414]

Pelajaran 3

b
1. P@<X <b) = j f(x) dx

o

2. Pa<X <b)= 2P0
3. F@®) = P(X < 1)

4. Pa < X <b) = Eb) - Fa)
5. % F(t) = f(t)

6. Fy() = Fx (g71(t)

7. Fy(t) = 1-Fy(gl®)

8. fy() = fy(g ') 171

_ dg'®
9. J= =g

k

0. £ = 3 f COID
i=

=S EO

12. Py(Y) = b PX(X)
x€e A

Modul 2

Pelajaran 1

1. EX) = > xp(x)
x € Julat X
2 1+x+x2+...+x"+...=llx,lxl<l
3. 1 + 2x + ... + nx“"+...=——-l—2-,lxl<1
(1 -x)

4. EX) = j x f(x) dx

96 A1



10.

11

12.

13.

14.

15.

16.
17.

oo 0
E(X) = j [1-£f(x)] dx — j F(x) dx

0

E[G(X)] = Z G(x) p(x)
x € Julat X

E[G(X)] = j G(x) f(x) dx

E[c] = ¢

E[cX] = c E[X]
E[X+c] = E[X] + ¢
Var (X) = E[X - E[X]]?

Var (X) = E[X?] - K

Var (X) = > x2p(x) — Hx
x € Julat X

Var (X) = T x2 f(x) dx — px

Var(a) = 0
Var (aX + b) = a? Var (X)
Fy () =k O<k<l

Pelajaran 2

1.

2.

m, = E[X¥]
my = p p 25 p(x)
x € Julat X
s ]‘ k f dx
m, = x* f(x)

K, = E[(X - llx)k

Y = Hy/ 0%

-11-
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10.

11.

12,

13-

14.

15.

16.

17.

18.

19.

20.

21.

22.

-12-

M

4—3.
Cx

Yy, =

Hyg = EXEX -DEX-2) .. X -k + 1)]

m(t) = E[e¥X]
m(t) = ) e™ p(x)
X € Julat X

m(t) = j e™ f(x) dx

my (1) = E[e®e®)]

my (1) = > e'®® p(x)
X € Julat X

my(®) = [ e fx) dx

my(t) = e® m, (at)

m®(0) = m,
k(t) = fnm()
y(®) = E[tX]

> i)

f(t) = EO - (t-2a)
1

v (0) = i! p(i)

PUXI2 a) < ;13 E[X?]

P(I1X-pl2 ac) sﬁ

P(IX-pl<ac) = l—;lg
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2. P(X2a) s 2
2. E[X"] = T nx™1 (1 - F(x)) dx
0

Pelajaran 3

g, x=0
1. (@) px)=4p, x=1
0, ditempatlain
@) E[X]=p
(i) Var (X) = pq
(iv) m(t) = q+ pe'
n X n-x —
2. (1) p(x): X P q ax—0,1,2,...,n
0 , ditempat lain
(i) E[X] = np
(i) Var (X) = npq
(iv) m(t) = (q+ pe)"
()
X )\ n—x
3. () px=4  (NY) x=0,1,2,...,n
(+)
L 0 , ditempat lain
(i) EX] =2
__DKIN - K)(N - n)
(i) Var X) = NIN - 1)
4. (a+b)" = § (n) aipn—i
i=0 ™

99
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X ~ Bernoulli (p)

X ~ Binomial (n, p)

X ~ hipergeometri (N, k, n)

...14/-



10.

=14 =

x=-1
. q 7 p,x=12,3,..
1 X) =
@ pk { 0 , ditempat lain

) E[X] = 1/p

(iii) Var (X) = g/p?

t

(v) m() = —2—
1 —qge

(x— 1) p'q* ", x=r,r+1,r+2
0 pe)= r—1 r=2,3,4,..

0 , ditempat lain
(1) E[X] = 1/p

(ili) Var (X) = rq/p?

(v) me) = [ pe }
l1-qe

X

-A -

@ pxy={¢ 5 *=0L2.
0 , ditempat lain

() E[X] = A
(i) Var (X) = A
@iv) m() = eMe-1)

had (1+x)"* =e

x—=0

had (1 +—1-) =e
X—)oo X

had (1+ax )"

x—0

=e?
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X ~ geometri (p)

X ~ negatif binomial (r, p)

X ~ Poisson (1)

el
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PELAJARAN 4
—1— a<x<b
1. @ fx={p_a’ '
0, ditempat lain
() E[X] =252
b —a)?
(i) Var (x) = 252
bt _ nat
) m® =15 g
3, G = — e'ztl”("”)z —eo<x<
S =N 7= ’
@) E[X]=upu

(i) Var(X) = o2

. m+tot?
iv) m(t) = e 2

3. hadP aSS"_HPSbilaP(Zza)—P(Z>b)
e | 4/npq

4, hadPﬁaSX—/1<bj|—>P(Z>a)—P(ZZb)
A—roo L -\,A

Ae™*, x>0
5.0 f= » .
0, ditempat lain

() E[X] = 1/A
(i) Var (X) = 1/A2

A
= 1

@iv) m(t) = "
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X ~ seragam (a, b)

X ~ N(u,s%

X ~ eksponen (1)

...16/-



10.

11

12,

13-

-16-

T'(n) = jx"" e ™ dx
0

I'h) = (n-1)T(n-1)
I'tn) = (n-1)!
)’n xn-l i
6 f<x>={‘ﬁ§° 50
0 , ditempat lain
@) EX] = /A

(iii)) Var (X) = n/A?
A N
) m) = (,;——J

1 wR2-1_-x2

o e L
o fx)= 2“’21‘(5) , x>0
0 ditempat lain

() EX]=v
(i) Var (X) = 2v

1 2
(iv) m() = (1—-—_2_t)

1
B(x, y) = [t at
0

- tx-l
B(x, }’) = ——;—dt
o (1+ 1D ¥
_ T
BOYY) = Txry)
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X ~ Gamma (n, 1)
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1 a-1 b-1
1-
4. @ fx) = { Bap X O Lo<x<l
0 , ditempat lain

@ Fep=Y (ZJ p* (1-p)™*

xX=a

a
a+b

(i) E[X] =

ab
(a+b+ 1)(a+Db)?

@iv) Var (X) =

Modul 3

Pelajaran 1

1. PX<x, Y<y)= Y g p(t;, t)

2. P(X <

tel
=
I

y) = ]‘]’- f(t,, t,) dt, dt,

3. Fx,y) =PX <x, Y=<y

2F
4. f(x,y) = QTS;?L)

Pelajaran 2

. p(x) = Y, p(x,y)

2. p(y) = X, p(x¥)
3. fx) = [f(x,y)dy

4. fly) = [f(x,y)dx

5. Fix) = F(x,*)
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X ~ Beta(a, b)
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10.

11.

12.

-18 -
F(y) = F(, ¥)

JF (X, *)
0

X

f(x) =

f(y) = 50

P, y)

P 1Y) =56

fx1y) = __Lf(f’(‘;) )

p(x,y) =px) p(y)

f(x,y) = f(x) £(y)

Pelajaran 3

1.

E[gX, Y)]

> Y gxy)px,y)
X'y

[ exy)f(x,y)dxdy

I
— 3

E[g(X, Y)]

|

E[g,X, Y) + g,(X, V)] =E[g;(X, Y)] + E[g,(X, Y)]

E[h,(X) hy(Y)] = E[h;(X)] E[h,(Y)]

@ Cov(X,Y) = E[X -y (Y -yl
(i) Cov(X,Y) = E[XY]-Hyly

Cov (aX,bY) = ab Cov (X, Y)

Var (X +Y) = Var (X) + Var (Y) + 2Cov (X,Y)
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10.

11.

12.
13.

14.
15.

16.

17.

18.

19.

20.

-19-

Var(ﬁ X‘J = 3 Var(X) + 2373 Cov(X Y)
i=1 i=1 i<

Cov (X, Y)
Cx Oy

pPX,Y) =

EgX. V)IY=y] = ¥ gx,y) p(x1y)
X

ElgX, V)| Y=y] = [gkxy)f(xly)dx

E[E[X 1Y =y]] = E[X]
E[E[Y | X =x]] = E[Y]

E[E[gX)'Y=y]]= E[g(X)]
E[E[g(Y) | X =x]] = E[g(Y)]
Var (X1Y=y) = EX21Y=y] - (EXIY=y)?

m(t, )= E[e %]

ilixi
m(t,, t,, ..., t,) = E|e”

m(t,) = ‘lzi_rg m(t,, t,)

m(t, t,, ..., t.) = m(t) m(t,) ... m(t,)

Pelajaran 4

1.

; n! X X2 x
@ pxp, Xps s %) = X TX,0 . x 1 P P2 P

M) pex)= (;’) P (1-p)"™

n! n—x;-X;

(i) p(x;,x;)= pI'p,'(1-p; —p;)

X;!1%;1(n = x; —x;)!
@iv) E[Xin] =n(n-1) heh

(v) Cov (X, Xj) = —np;p;
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. 1 1 X—H i
2. f(x,y) = - ]
e gy yap= °"p{ 2(1_,32)[( O )

(e )5)s (2]

—00 < X <00, —00 <y < 00

(i) f(xly)= oxJznl(l o5 o {—m [x—ux —p(%(y—uy)] }
-e<Xx<*
(i) m(t,,t,) = exp[t,ux+ tzuy+% (6 0% +2pt,t,040y +13 cf{)]
(iv) E[XY] = pxpy + p OxOy
(v) Cov(X,Y) = poyOy
Modul 4

Pelajaran 1

106 21/



3 =

=1 1=

— 1 n
0 X-p=g 3 X, - )

Pelajaran 2

L. p(u,v) = pxy (g]‘ (u, v), g5 (u, v))

2 ) = fyy (g7 (@ V) g7 (@ v)) 11
9x 9x
—|du dv
=2 2
du Jv

4. fu,v)= i Wiy (87 (V)0 (@, V)
i=1

dgi'(u,v) dgi'(u,v)
du av

oh'(u,v) dh'(u,v)
Jdu av

6. m,,(t.t)= J I ghse Y fix vydxdy

7. m(t)= j j e*Y f(x,y)dx dy

107
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10.

11.

=95 =

@ fyoxey@) = [ fxy(x,u—x) dx

() foogay() = [ fxy(u-y,y) dy

@) foaxy(@) = [ fry(x,x—u)dx

() fuaxy (W) = [ fey(uty,y) dy

. T o1
(1) foxy(u) = I -~ fy y (X, u/x) dx

- 1
@) foxy(@) = | iy D (s.y) @y

fxy(u) = J Iyl fy y (uy,y) dy

Pelajaran 3

1.

. _T+n/2)(, x2Y"7
(i) )= —————F(nlz)m [1-{- " ] ,—0o<X<

) e/
T = \N'V/n
(iii) E[X] = 0

(iv) Var[X] = 55_2

108
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( I'lm+n)/2 (m)"“ xm-2)/2 .
o P
s J r(m/Z)F(n/ 2) n [1 + (m/n)x ](m+n)/2 X
2' (1) f(X) = X _ Fm n
0 , di tempat lain
() F = g_rfrfll
(i) E[X] = %

() Var (x) = 202(m+n-2)

m(n-2)%(n—4)

- 0000000 -
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