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AN AUTOMATIC GENERATION OF G' CURVE FITTING OF ARABIC CHARACTERS
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Abstract: An Arabic font is difficult to fit as it is cursive in character, having varying curves and cusps. Here, the
Arabic character is represented as an outline font fitted with rational Bezier cubic curves.

As a method in reverse engineering, the Arabic character is created by way of digitizing an image that already exists
and then fitting curves automatically to the outline of the digitized image. The outline font representation is done in
several phases — contour extraction of font image, comer point’s detection and segmentation and lastly contour
segment fitting. A rational cubic Bezier with weights is used in the last step. The weights are adjusted automatically
to get curves that are as close as we want to the digitized data points.

This technique can be extended to visualizing outlines of any other images automatically.

Keywords: Curve fitting, outline fonts, comer detection, and contour extraction.

1. Introduction

Font representations in the computer include bitmaps, contours (outline), brush strokes and offset
curves. Bitmap representation requires every size font to be tuned to excessive detail to a specific
printer. Latin uses outline fonts while non Latin with script-like nature have been represented as
outlines, brush strokes or offset curves. A big disadvantage of using outline fonts is that, scaling down
to smaller sizes reduces legibility. Arabic font present added difficulties as it are cursive in character,
having wavy curves and cusps. ‘

Outline representation of fonts are popular as it can be more freely manipulated i.e. resized, translated,
rotated and clipped. But there are a loss of legibility and clarity of form when sizes are reduced
because of the overall scaling factor. This however can be somewhat overcome by using different fonts
for some selected sizes.

There are two ways to create outline fonts. The first is by digitizing some already designed image of
fonts and then fitting curves to the outline and second, by designing the curves itself in the computer.

The first of the method is used here. Traditionally it is done in several phases; contour extraction,
corner points’ detection and lastly contour segment fitting. The contour extraction involved converting
the grey level image to bi-level image. Boundary is detected and some curvature analysis is done to
detect corner points. Then curves are fitted between the points, usually some form of Bezier curves.
His Ming Yang et al [28] used Bezier curves and the accuracy was checked with a computed curve
fitness cost. If it is large, control points will be adjusted. [14] iteratively obtained piecewise parametric
cubic polynomials close to data points defined by an error measure based on least squares. [23] fits
quadratic algebraic curves by recursive curve fitting and fine tuning. Sarfraz [19] algorithm involve
recursively segmenting and fitting cubic Bezier curves until a certain least-square tolerance is satisfied
by all fitted curves. It is G°. Sarfraz [20] further improves [19] by reparameterization before further
segmenting in the effort to reduce number of curves.

This paper sees the G' fitting of the Arabic letter “qaf” ( Fig. 1.)by rational cubic curves. The method
consists of two main parts- segmentation and curve fitting. The first part sees the digitized outline or
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boundary been segmented. The second part fits a G° and then a G’ representation to the segments. The
weights of the rational cubics are adjusted to get the G' curves to be as close as we want to the digitized
data points. The whole process is fully automatic.

L 4

Fig. 1. Digitized image of Qaf

The Algorithm

(1) Contour extraction and boundary detection by image analysis.
(2) Segmentation
(i) Corner detection
(ii) Breakpoints detection.
(3) Curve fitting.
(i) G°representation.
i Fit the first two segments as an optimal cubic Bezier curve.
ii. If the optimal curve does not satisfy the tolerance, refit just the first segment.
iii. Fit the next two unfitted segments.
iv. ii. and iii repeated until the whole figure is fitted.
(i) G representation
The new segmentation as obtained after (3) (i) iv. is used.
i.  Segment fitted with joint made G' with the previous curve,
ii. If the curve does not satisfy distance tolerance, frame it in rational Bezier and adjust the
weights until tolerance is satisfied.
iil. i. and ii. repeated until whole figure is fitted.

Programming is done in Mathematica.

2. Boundary Extraction

Digital images of the Arabic letters are obtained by scanning its designed pictures. The boundary is
then extracted. There are many ways to get the boundary, [1], Gonzalez [7] and other good edge
detection techniques. Some involve getting it directly from gray level images to minimize errors in
detection. However getting the boundary from binary image is simpler and faster. The font image here
is considered a “simple” image —i.e. without tremendous detail and is two tone - black characters on
white background, justifying the use of binary methods.

However care should be taken to lessen errors in detection. Preprocessing should be done before
boundary extraction to smooth out Gaussian noise and to get rid of impulse noise (salt and pepper
noise). This can be done using an adaptive median filter without losing much image detail. The
resulting digital image is then converted to binary image by thresholding. A closed contour or
boundary of the characters is extracted from the binary image. The closed boundary needs to be one
pixel thick.
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In this paper the digital image of the font obtained from scanning is converted into a binary image. The
boundary of the image is then extracted using technique in mathematical morphology, B(A) = A-
(A O B) where A is the set of all black pixels, B is the 3x3 structuring element and B(A) is the
boundary of set A. [ and - represents the operation of erosion and difference respectively.

3. Corner Detection

Comer detection methods falls broadly into 2 categories — ones that act directly on gray levels and
those that are based on boundaries. There are two main techniques in gray level methods. Template-
based corner detection involves determining similarities between templates of specific angles with all
sub-windows of the same size in the image. This technique needed a huge amount of computation.
Gradient-based corner detection measures the curvature of an edge that passes through a neighborhood
of the gray level image by using the edge strength and gradient of edge direction. This method is not
good at localizing corners.

Methods based on boundaries are simpler and faster. Boundaries are represented either by points or
chain codes.

Generally chain code methods like [61.[16],[17),[2],[18],[41,[22] and [13] involve computing some
measure or estimate of curvature or measure of significance at each point. The corner points are those
that are above a certain threshold and are a local maximum

Teh and Chin [24], propose a method that first determines the region of support for each point based on
its local properties, and then computes measures of relative significance of each point. Tsai et al [26]
propose using eigenvatues of the covariance matrix of a sequence of connected points over a region of
support to measure corners. If points form a linear or almost linear line, the small eigenvalue will be
close to zero.

Other fields of study have also been applied in techniques to search for the corner points. Tsai [25]
uses neural networks, Lin et al[11] and Liu et al[12] use mathematical morphology and Lee and
Bien[10] employ fuzzy logic techniques.

It is to be noted that a visually good representation of Arabic fonts, depends much on detecting the
right set of corner points.

Here we uses Teh and Chin’s [24] method of utilizing region of support with eigenvalues of covariance
matrix (see [26]) as a way of measuring corners.

4. Segmentation

The corner points separate sets of data-points into segments. The next step is to find breakpoints by
fitting cubic Bezier to the segments formed by the corner points. If any distance between data points
and its corresponding fitted curve values is above a specified distance tolerance, the point at which
distance is largest is called a breakpoint. These breakpoints will produce more segments and these new
segments are again tested for further breaks. The process is repeated until all curves of segments satisfy
tolerance limit.

Corner points together with breakpoints are considered as significant points of the outline. They try to
describe the twist and turns of the figure. Fig. 2 shows the significant points generated by the above
methods. The bigger dark dots denote corner points and the smaller, the breakpoints.
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Fig. 2. Digitized outline of Qaf. Dark dots and smaller dark dots denote corner points and breakpoints
respectively.
4.1 Parameterization
Chord-length parameterization is used to approximate the value of the parameter t; for each data point,
p; of each segment. The knot spacing is proportional to the distances of the data points, i.e.

G-t _ I pi -pia |
ti+1 'ti " Pi+1 - Pi "

The parameter values t; for each segment are calculated thus;

, i=0

| Zhuend
§||p,-+, i

where m = number of data-points in the segment. Note that t; €[0,1].

, 1€i<m-1

4.2 Determining breakpoints

A parametric curve that best approximate the outline of the segment is fitted to each segment. “Best
approximate” means that the sum of squared differences between the fitted curve values and the data-
points for each segment is at a minimum. If Q(t) is the fitted curve and p; the data-points then,

& 2 _ o 2 2
S=2(Qt)=pi)* =2 (Qe(t;)-py, )2+ Qy(t)-py)* ;

i=1 i=l i=1
is at minimum.
Let Q(t;)=By(t;)Py + B,(t;)P, + By(t;)P, + Bj(t;)P; be acubic Bezier curve. Then it has 4
control points; Py, Py, P, and P3P, and P;3 are the first and the last data-points on the segment
respectively, which are known. The two intermediate control points are found by minimizing S. The x-
coordinates of the control points are found by solving the linear system obtained when S is

differentiated with respect to P,, and P,,. The y-coordinates found by differentiating with respect to y

respectively.
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A cubic Bezier curve is fitted to the segment with these control points together with Py and P;.
(Py =p, and P; =p,, where m is the number of data points in the segment)

Squared distance between data-points and its corresponding fitted curve values are computed for each
segment.

d} = I p; 'Q('fi)”2 = (Pi -Qy (1)) + (Py -Q,(t;))*

Let d2,, =Max( d?,dz2, dz,..., d2y. If dZ.. is greater than a certain tolerance, the segment is
divided into two at the point of maximum difference. This point is called the break-point. These new
segments will again be fitted with cubic curves. This work is done recursively until tolerance limit is
satisfied by all fitted curves. The tolerance limit used will depend on the resolution of output and size
of font.

5. G'Fitting

The fitting is tried two segments (as defined by the significant points) at a time, so as to get as few
curve segments as possible to represent the figure. Fewer segments will give a smoother, better figure
of the character. However distance tolerance may not be achieved if the two segments together have
more than one curved parts/ inflection and cannot be approximated closely by a cubic. When this
happens, fitting is done for the first segment only and then the next two segments still unfitted are
considered. This is done repeatedly for the whole figure.

The segment fitting is the same as found in Section 4.2. This piecewise fitting and refitting does not
involve complex calculation or much computation. Only two linear systems of two equations need to
be solved at each fitting,

6. G'Fitting

G' curves are fitted between significant points. C' is not preferred, as loops may form in order to
maintain equal length tangent vectors at joints. 1In the figure Qaf, there are cusps and very sharp
corners which should remain G°. Their positions are determined at the corner detection stage.

The G° curves are forced to become G' at joints. But in forcing G', the curves do become somewhat
distorted and sometimes do not anymore satisfy the distance tolerance, i.e. distance between the Bezier
curve at parameter values and the corresponding data points must not be more than the specified
distance tolerance of 20 unit squared distance (~0.35 mm).

The problem is overcome by framing the curve in rational form with weights w, w,, w3 and w, and
then determining these weights that can pull the curve closer towards the digitized data points without
changing the control points thus preserving G'. Fig. 3. shows the curves for the sixth segment of Qaf.
The dark curve is the original cubic Bezier, which is G' at the joint with the curve before it and do not
satisfy the distance tolerance. The light curve is the rational Bezier with weights adjusted to satisfy
tolerance. Automatic adjustments and determination of these weights is obtained by optimizing at each
iterating reparameterization. The parameterization acts as a design parameter — different parameter
values gives different curve. Reparameterization and optimization is done until the desired curve is
obtained.
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Fig. 3. Sixth segment of Qaf

6.1 G’ joints
Consider 2 consecutive G° Bezier curve segments H(t),Q(t) with control points Ho,H1,Hz,H; ,Po,P,,P5, Py
where H; = Py. These curves need to be made G' at Po. The direction of end tangent of Q (1) is also
preserved. m and n are the length of beginning and end tangent vectors respectively.
Q(t)= Bo(t)Py +B,(t) (m(H; ~H,)+ Hy) +B, (1) (1(P, ~P, ) +P;) +B3(t)Py

n n

2 2

Letsz = ZI Q(ti)'—pil = Z[(Q(tl )x - pi,x) + (Q(ti )y - pi,y )2]

i=1 i=l

The value of m and » that minimize §° is found. The new control points are p, =m(H; —H, )+ H,
and p; =n(P, ~P;)+P; . The joints are made G/, piece by piece rather than in a spline as this give
simpler calculation. The system above is just a linear system of two equations and is thus very fast.

6.2 Reparameterization

Q(ty
< Q(t)

Let Q(t) be a cubic Bezier curve and p,, a data point. The curve is assumed to be regular. The shortest
distance between them is the perpendicular distance. The parameter corresponding to this shortest
distance will give rise to the optimum curve. Let the parameter at which this occurs be t,,. Thus;

(Qtm)=Pm) - Q (ty) = 0 , which is quintic in t.
(Qltm)x —Pmx) Q (tm)x + (Qltm)y ~Pmy)Q(tn)y, = 0

Let z =(Q), ~Pmy)Q (), + (Q(t)y —Pm,y) Q (), which again is a quintic.
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To simplify calculations, linear interpolation method is used to approximate the solution.
Approximate z to be a linear function of t,ie. z = at+b for some aandb and for t close to t,,.
Letz; =aty+bandz, =at,+b.

z-zy = a(t-t)) and z,-z; = a(t,-t,);

VAN A t-t,

Z3-2; i, -t

Att=t, ,z=0.
Thus, tmt __“% and t, =222t
ty-t;  z,-2, " z, -z,

So by providing t; and t2, the parameter value t,, at which minimum distance occurs can be found
iteratively to the degree of precision required. t,, is the new parameter value corresponding to the data
point p, . This method works well if t; and t; are close to t.

Here the starting t, is the original parameter obtained by chord length while t, is a step size (0.01) away
from t,.- The resulting t from this first iteration becomes t; for the next iteration and the t, will again be
a step size away. The iteration stops when consecutive results for t do not differ in the first three
decimal places.

The equation above can of course be solved by Newton Raphson. This linear interpolation method
involves simpler calculation requiring at most the evaluation of the first derivative of Q (t) whilst
Newton Raphson require up to the second derivative of Q (t).
_ty)

Z'(ty)
and time consuming to be doing for every point and at each iteration. However Newton-Raphson
converges faster than the method above.

where t, is the updated value of t,. Computing z'(t) is messy

In Newton-Raphson, t, = ty

6.3 Iterative procedure to achieve tolerance

The rational Bezier cubics Q ®);

iwi B; (1) P,

_ i=0
3
Zw,- B;(t)
i=0

Here wy and w; are made equal to 1 and values of w, and wy varied. The values of w; and w, are
automatically determined by optimization at each iterating reparameterization.

where w, and wj are equal to 1.

Q(t »W) sWZ)

Let 82 =31Qt;,w),wy)-p;)* = Z[(Q(t,-,wlng—pi_x)z+<Q(ti,w1,w2)y—pi_y)2] be
i=1 i=|

the squared distance between fitted curve values at parameter values t; and corresponding digitized

data points p;. Differentiate with respect to w; and w, and equate to zero.

Q(ty, wi,w,),
ow;

2 (@t wy,wa), =y ) NN ), )
i=1 1
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) ) 00, W1, wa) oQ(t;, wy,w,)
;(Q(ti,WI,WZ)x_pi,x) awlz 2 +(Q(ti,W1,W2)y—pi,y)__a# = 0

which is a system of non-linear equations in 2 unknowns ; wyandw,. The system is solved
numerically using Newton’s Method. This iterative method is started off with w ; and w, taking the
value 1. The starting w values for the next reparameterization will use w values resulting from the
previous iteration. This makes the whole process faster.

7. Results

The G' qaf needs nine segments for the main body, three for the inner head and eight for the two dots.

All segments in the inner head and dots do not need any iteration to reach tolerance. The table below
shows the number of iterations needed by the main body of qaf. Not many iterations are needed to
reach tolerance and only four need the iterations in the first place. Fig. 4. shows the G' representation
of qaf and Fig. 5. shows the curves and the digitized data points it is supposed to approximate.

Table 1. Number of Iterations

Segment 1 2 3 4 5 6 7 8 9

No. of Iterations 0 38 0 4 0 ‘14 0 0 4

¢

e\

/

Fig.4. G' representation of Qaf
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Co

Fig.5. G' representation of Qaf with its digitized data points.

8. Conclusion

The G' fitting is quite a good approximation and representation of the data points and digitized image
respectively, without using massive computation.
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