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PENYELESAIAN PERSAMAAN KELAS
FROBENIUS DALAM KUMPULAN SELANG-
SELI

Abstrak

Persamaan Frobenius x° = B bagi kumpulan terhingga telah diperkenalkan oleh

G. Frobenius dan dikaji oleh ramai penyelidik lain berkaitan dengan beberapa jenis
kumpulan terhingga termasuk kumpulan Kkitaran terhingga, kumpulan terhingga

terjana-m, kumpulan-p terhingga, dan hasil darab lingkaran kumpulan terhingga.

Dalam penyelidikan ini, bilangan penyelesaian bagi persamaan kelas

x! = fe A(B) dalam suatu kumpulan selang-seli A diperoleh, dan didapati 2

meliputi A(f3) kelas konjugasi bagi g dalam A, .

Dalam tesis ini, empat kes bagi penyelesaian kepada kelas persamaan x° =
dalam A dibincang. Pertamanya, persamaan kelas x"=4 dalam A,
BeH ‘NC%untuk semua n>1 diselesaikan; dan bilangan penyelesaian bagi
persamaan ini dengan H, ={C”of S, |n>1, dengan semua bahagian «, dari
berbeza dan ganjil, C* kelas konjugasi S,} diperoleh. Seterusnya, bilangan
penyelesaian serta penyelesaian persamaan kelas x* = B dalam A , feH_ NC*
dan ne6={L12,5,6,10,14} diperoleh. Ketiga, persamaan kelas x° = A(l) =e dalam
A, diselesaikan dan didapati bilangan penyelesaian persamaan ini, A(l) merupakan
kelas konjugasi identiti dalam A . Akhirnya, persamaan kelas x! = 8 dalam A,

L eH, NC* dan ne @, dan bilangan penyelesaian bagi persamaan ini diperoleh.

viii



SOLUTIONS OF THE FROBENIUS CLASS
EQUATION IN ALTERNATING GROUPS

ABSTRACT

The Frobenius equation x* = 4 in finite groups was introduced by G. Frobenius

and studied by many others who dealt with several types of finite groups, including
finite cyclic groups, m-—generated finite groups, finite p—groups, and wreath

products of finite groups.

In the current study, the number of solutions for the class equation

x* = e A(B) in an alternating group A, is found and it is observed that 4 ranges

over A(/3) the conjugacy class of g in A,.

In this thesis, four cases of solutions to the class equation x® =3 in A, are
discussed. Firstly, the class equation x* =/ in A , where feH_ “NC*, for all
n>1 is solved and the number of solutions of the above equation with H, ={C* of
S,In>1, with all parts «, of « different and odd} is found, where C” is a
conjugacy class of S, . Next, the class equation x® = 3 in A where feH_NC”
and ng 6 ={,2561014} is solved and the number of solutions is determined.
Thirdly, the class equation X’ =A(l)=e in A is solved and the number of
solutions of this equation where A(l) is the identity conjugacy class in A, is

determined. Finally, the class equation x® =/ in A, where feH NC“ and

n e @ is solved and the number of its solutions is found.



CHAPTER 1
INTRODUCTION

1.0 Introduction

In Chapter 1, the main purpose of this thesis is explained; the steps and aims for
the current work is recalled. Moreover, the literature survey about past studies of

Frobenius equations in finite groups are also recalled.
1.1 Literature Survey

The Frobenius Theorem shows that for any positive integer d, the number of
elements of a finite group G that satisfies the equation x° =1 is a multiple of

ged(d, |G|), the greatest common divisor of d and |G| (see Ishihara et al., 2001). Let

x* =1 be an equation in a finite group G . Then the number of solutions of the above

equation is denoted by |Gad|. (Chowla et al, 1952) proved that

k
|Gr/]\|d|xn :exp(zxr) , where G=S_, and |S0 /\d| -1
- k|d

o0
n=0

The Frobenius Theorem was greatly generalized by (Hall, 1959) who proved that

if G is afinite group of order k and C is a conjugacy class of cardinality m in G,
then for each aeC, the number of solutions of x* =a in G is a multiple of
gcd(dm, k) . (Lam, 1988) proved that the number of solutions of x* =a inanon-
cyclic p—group G is a multiple of p?, where p > 2 is a prime number. In another
direction, the subset W ={x € G|x® =1}in any finite group G, where d is a

divisor of the order of G is considered. The set W is a union of certain conjugacy

classes of G including the identity conjugacy class. From the Frobenius Theorem



(see Brauer, 1969; Khurana et al., 2005), |G Ad|=hd for h>1. However, (Rust,

1966) proved a conjecture of Frobenius for G = A, (n >5)and showed that h >1.

Let R be a finitely generated group and f™ a set of all subgroups B of R the

indices  |R:B| of which are finite. ~ Wohlfahrt  proved that

= [Hom(%,S,)| |, K78
ZTX =exp(z Ee ) (referred to as the Wohlfahrt formula) (see
n=0 .

BEf‘.R

Takegahara, 2004), where the sum z is over all subgroups B of ‘R of finite index

Bef™

®:B[, |Hom(R®,S,)| is the number of homomorphisms from ® to S , and
[Hom(R,S,)|=1. In fact, a cyclic group C, of order d, |Hom(C,,G)| coincides

with the number of solutions of x =1in a finite group G .

=, |[Hom(R,G:S,)|x"
SR

(Takegahara, 2002) showed that -
n=0 |G| n!

IHom(B, G)|x "™ _ N
exp( Z Bl ), where G:S, is the wreath product of finite group G

Bef R

with S, and [Hom(®R,G:S,)| =1. The same has also been shown by (Okada, 1990),

when R is a finite cyclic group. Moreover, this condition has also been studied by

(Mulle, 2000; Mulle and Shareshian, 2002).

(Berkovich, 1991) proved that if k >1and p>2, then |G A p*|=0mod p*?

where ‘G A pk‘ is the number of the solutions of the equation x* =1ina non-cyclic

p—group G. This fact is a generalization of many results (see Berkovich, 1968;

Berkovich, 1971).



(Mann and Martinez, 1996) proved that for any natural number m,n>1, there
exists a number O<k <1 such that if G is an m-generated finite group and

|G/\n|

6]

>k, then |GAn[=|G| (i.e., x" =1 for an arbitrary xeG). The inequality

Ord (S, ~ p)) 2[%]—[%] is also shown by (Grady and Newmanm, 1994), and
(Katsurada et al., 2000), where [S, A p| is the number of solutions of the equation
xP =1 in symmetric group on n letters, and p is a prime number.
ord, (S, » p) =[%]—[%] provided that n=0 mod p? (see Ishihara et al., 2001).

Let G:A, be the wreath product of a finite group G with A,. The
exponential generating function for the number of solutions in G: A, to the equation

G d
x® =1 was found by (Chigira, 1996) who proved that ZM
= n!

N |

(—|G|)k‘1|G A (d /k)|

G
fen(y A1 oo(s

kd kld

|G/\(d/k)|

)}, where [GiA, Ad|=

and [G/A Ad|=0 if i <0.

(Goldmann and Russell, 2002) studied the computational complexity of solving

systems of equations over a finite group G, where x,.x,.x,...x, =1, IS an equation
over a finite group G, each x, is either a variable, an inverted variable, or a group
constant, and 1 is the identity element of G. (Shen, 2010) proved that if |G A d|

has no divisor 4 for all d >1, then G is solvable.



1.2Background of the Study

In the present work, the conjugacy classes of permutations in an alternating

group are studied in detail. If there exist elements b;,b,,...,b,, in a finite group G

m

such that for every b; e{b},, the conjugacy class of b, in G is {b}",, then for
each positive integer d and b, e{b}",, the collection of Frobenius equations
{x* =b}, in G is called the Frobenius class equation x‘ =b; in G. Moreover,

the class equation x° = £ in A, where j ranges over the conjugacy class A() in
A, and d is a positive integer is solved. Also the number of solutions - if any exists

- is found (the main purpose of the present research is to solve and determine the

number of solutions of the Frobenius class equation x* = 3 in A).

The Frobenius equation x° =4 in a finite group has been studied by many

mathematicians such as (Brauer, 1969), (Mann and Martinez, 1996), (Berkovich,

1991) and others. A study was introduced by (Taban, 2007) to solve the class
equation x® =4 in a symmetric group and explain the solutions using group-
theoretic approach. This approach states that all pairs of permutations » and g in a

symmetric group are conjugates iff they have the same structure. However, this is not
necessarily true in an alternating group. Therefore, in the current research, the
conjugacy classes in an alternating group will be studied in detail, where the

conjugacy class of g in A, is denoted by A(S) .
1.3 Organization of the Thesis

The rest of this thesis is organized as follows: In Chapter 2, all the main

definitions and results of the alternating group and conjugacy classes in a symmetric



group that are required in our study are mentioned, including the k —cycle, cycle
type, and support of permutation, among others. In this chapter, all the necessary

basic propositions are also provided. The basic propositions in Chapter 2 are used in
Chapter 3 to solve the class equation x° = £ in A_, and the number of solutions for
each n>1 andBeH, ‘NC* is found, where H, ={C“of S |n>1, with all parts
a, of o different and odd}. In Chapter 4, the class equation x° = g in A, where
ngd=4,2561014} and geH, C“ is solved and the number of solutions is
determined. In Chapter 5, the solutions and number of solutions are found for the
class equation x® =1e A(l) in A , where A(l) is the identity conjugacy class in the

alternating group. In the same chapter, a new theorem and its corollary on the

ambivalent conjugacy classes in A are introduced and proved. Also the solutions
and number of solutions for the class equation x* =4 in A for all ne@ and

£ € H, are considered. Finally, in Chapter 6 some suggestions for future research

are laid out.

1.4 Objective of the Thesis

The goal of this thesis is to solve the class equation x* =3 in A , where g
ranges over the conjugacy class A(f) in A, and d is a positive integer. Moreover,

the number of solutions - if any exists - is determined. In a special case,

A(B)=C“(B), where A(p) is a conjugacy class of the permutation A in an

alternating group, and C“(f) is a conjugacy class of the permutation £ in a

symmetric group, we have A(f) is the ambivalent class in an alternating group. In

another case where A(S)=C“(f), we have the situation where A(fS) is not



necessarily an ambivalent class in the alternating group. Hence, in the current work,

four cases of the class equation x® = £ in an alternating group are dealt with: two
cases each when A(B)=C*(B) and A(L)=C“(f). These cases cover all
probabilities for the class equation x* = 4 in an alternating group. The following

class equations in A, are solved, and the number of solutions is determined.

(1) x* =B, where feH “NC* forall n>1,
(2) x* =B, where S H_NC* and A is not an ambivalent group,

(3) x° =e, where e is the identity element, and

(4) x* =B, where feH_NC* and A, is an ambivalent group.

1.5 Methodology Flowchart

The flow of this thesis is explained by using the chart in Figure 1 to solve the
class equation x’ =g in A, where SeC* for some conjugacy classes in the

symmetric group. Figure 2 describes the flow used to determine the number of

solutions to the same class equation.



Solve x* = 8

No N Yes
No ¥ Yes
peH, ? use Table 5
A 4 NO \4 YeS
use Table 3 ned ?
v \4
use Table 4 use Table 6
Figure 1 : Obtaining the solutions of x = 3 in A



Class Equation

x' =p

No i _g 9 Yes

v v

No peH, ? ves ues (3.2.24)

A 4 \ 4

use (3.2.24) use (4.2)

Figure 2 : Obtaining the number of solutions for the equation x* = gin A_



CHAPTER 2
PRELIMINARY RESULTS

2.0 Introduction

In this chapter, the basic definitions and results of the conjugacy classes in the
symmetric and alternating groups will be given. Several necessary basic definitions

and results are also provided.
2.1 Basic Definitions and Preliminaries
2.1.1 Definition ( Zeindler, 2010)
A partition « is a sequence of nonnegative integers («,,«,,...) With

a,>a,>... and D a; <. The length I(a) and size |a| of « are defined as
i=1

l(@)=Max{ieN| o, #0} and |a| =) «; . Let o |-n={a partition ||a| =n} for
i=1
ne N.Anelement of « |— n is called a partition of n,and ¢, are the parts of c.

2.1.2 Remark

Only the non-zero components of a partition are written. Any g e S, is chosen
and written as y,7, ...y, With y; disjoint cycles of length «; , and c(p) is the
number of disjoint cycle factors, including the 1—cycle of #. However, because
disjoint cycles commute, assume that a >a,>-->a,,. Therefore,

a=(a,,a,,..,a.)is apartition of n (Zeindler, 2010).



2.1.3 Definition (Zeindler, 2010)

The partition « = a(f) = (a,(B),a,(B),-- .z (H)) is called the cycle type of the

permutation g in S, .

2.1.4 Definition (Zeindler, 2010)

Let « be a partition of n. Then C* c S, is defined to be the set of all elements

with cycle type « .

2.1.5 Definition (Zeindler, 2010)

Let BeS,. Then c, (p) is defined to be the number of cycles of length m of

2.1.6 Remarks

(1) If B eC“, then the conjugacy class C“ is denoted by C“(53).

(2) The relationship between partition o = (o, a,,....a,) and cy(F) is as
follows: ¢y (B8) =Ki: e, =r} (Zeindler, 2010).

(3) The cardinality of each class C* of g can be found as follows:

=" with za(m:ll[r"fn“(ﬂ)(c;(ﬂ))! and ¢ (B)=Hi:e; =T}

Zo(p)

Ca

(Bump, 2004).

10



(4) If the cycle decomposition of an element g e S, consists of c, cycles of
length i, where 0<c,<n for 1<i<n, then S has cycle type
a=(M",(-)"1..17). If ¢, =0 then i is omitted. For example,

a=(4,4,2111) = (4°,21°) (Beals et al., 2003).

(5) Generally if g €S, let c(B) be the number of pairwise disjoint cycle factors
including the 1-cycle of #. Let 1, (L<h<c(B)) be their lengths, and choose

for each h an element k, in the h-th cycle factor. Then

B = ﬁ(kmﬂ(kh),ﬁz (K,),... B (K, )) (James and Kerber, 1984).

(6) The number p(n) of partitions of n grows rapidly with n. For instance,

p@ =1, p(4)=5,and p(20)= 627 (Andrews and Eriksson, 2004).

2.1.7 The Conjugate Relation (Ceccherini-Silberstein et al., 2010; Macdonald,

1995)

Let 4 and £ be two elements in S . Then A is conjugate to g in S, iff

there exists y € S, such that = »1y . Moreover, for every pair of 1, g in A,

A is conjugate to B in A, iff there exists ye A such that 1=pBy". The

conjugate relation on S, is an equivalence relation, and the conjugacy class of

p S, can be determined using the cycle type of £, given that each pair of A4 and

11



£ in S are conjugates iff they have the same cycle structure. If g eC“, then

C” cS, , the conjugacy class of g in S_ . The number of the conjugacy classes of

S, is also equal to the number of partitions of n.

n

2.1.7 Notations and Results on Ambivalence
2.1.7.1 Remarks

(1) An ambivalent element of a group is the one which is conjugate to its inverse,
and an ambivalent group is one in which all of its elements are ambivalent
(Higgins et al., 1971).

(2) Considering that all elements in S with the same cycle decomposition are
conjugates and B = (K, ... K,,k,) forall g=(k,k,,..k)eS,. Thusevery
permutation in S_ is conjugate to its inverse, and each element S e A, has
an element te S, taking S — B =tAt™". To show the ambivalence of S
in A, the existence of some t in A, such that S~ =tAt™ must be shown

(Herstein, 1965).

(3) Every symmetric group is an ambivalent group. However, this is not true for

the alternating groups. Assuming that 6={1,2,56,1014}, then (A,,n€9),

which are ambivalent groups, whereas ( A,,n ¢ &) are non-ambivalent groups

(Parkinson, 1973).

2.1.7.2 Proposition (Parkinson, 1973)

The non-ambivalent elements of A are precisely the elements A with cycle

decomposition {&;,a,,...,a, }satisfying the following three restrictions:

12



i)  a=a=i=],

(i) Each «; is odd, and
1 .
(iii) E(n—m) is odd.

2.1.7.3 Proposition (Armeanu, 1996).

If N isanormal subgroup of an ambivalent group G, then G/N is an ambivalent

group.

2.1.7.4 Proposition (James and Kerber, 1984)

If the conjugacy class C“ of elements with cycle type « splits into two conjugacy

classes of A, denoted by C<“*, then A, is an ambivalent group iff each of C“* in

A, are ambivalent.

2.1.9 Some Results on Permutations (Ceccherini-Silberstein et al., 2010; Bump,

2004).
(1) (kl,kz,...,kr)eAn < risodd.
(0  BeA = n—c(p) iseven,so sgn(B) = (~)" (A,

(3)  |f=lem{e;(B):1<i<c(B)}, the order of s is equal to the least

common multiple of the set {e, (B) :1<i <c(B)}.
4) Let Cs(B) ={y €S, | By = y5} be a centralizer group of A in S_, then

o (B = 2,y With 2,05 = [ [r (10! and €4, (8) =K1 =1},

13



2.1.10 Example

Let n=5. Then we have the following table.

Table 1. Cardinality of Conjugacy Classes in S, .

p(n) B C“(B) C“(B)
Partition Representative Class  cardinality of C* (/)

11,111 @) [1°] 1
1,1,1,2 (12) [1,2] 10
1,1,3 (123) [1%,3] 20
1,4 (1234) [1,4] 30
5 (12345) [5] 24
1,2,2 (12)(34) [1,27] 15
23 (12)(345) [2,3] 20

120=5!

Note that S_ has seven conjugacy classes because there are seven partitions of the

123 456 123456
number 5. Note as well that 4 = and g =
2 34516 345126

are elements in S;. Hence, A and S can be represented as a product of pairwise

disjoint cycles, as shown in the following diagram:

1=(L2345)(6) B=(13524) (6)

5 1 5 1

Then, 1€[15] and f<[15], so 42 and B are conjugates in S,, but are not
conjugates in A,. Therefore any pair of conjugate permutations 2 and g in S, are

not necessarily conjugate permutations in the alternating group A, too.

14



2.1.11 Explanations of Some Facts

(1) Since A, is a normal subgroup of S _, a conjugacy class C* of s_ is either
contained in A orin S \A .If C* c A, then C* iseither an A, -class or splits into
two A, -classes. The order of a conjugacy class C“ () is equal to the index of the
centralizer C.(B)of p ins . Considering that for the centralizer C,(s) of g in
A, C,(B) =C.(B) N A,, which is a subgroup of index <2 in C (), then either

C“c A, isan A, -class C* itself, that is, C*(B) =C*(B) or C“(p) splits into

’ ‘

exactly two A, - classes of the same order ——— . The conjugacy class C* (/) splits

(for n>1) iff C,(B) =C,(B), that is, iff C(B)contains no odd permutations.
C.(pB) contains an odd permutation if £ contains a cycle factor of even length

(which is then an odd element of C.(B)) or if B contains two cycle factors of the

same odd length, that is, B =... (k,,B(k,), ... 8" (K ))(K;,B(K;)..... 5" (K;)). Thus

A= (k. k;)(BK,), BK;)) (B (ky), B" (k) e Cs(B)VA,. Conversely, if g
consists of cycle factors of pairwise different odd lengths, then C () is generated

by these cycle factors and is contained in A, (James and Kerber, 1984).

(3) The symmetric group S, is generated by two elements {(1,2),(12,...,n)}

(Boerner,  1970).  Moreover, S IS generated by transpositions

{12),(2,3),...,(n—1,n)}, whereas A, is generated by 3-cycles if n>3( Passmen,

1968).

15



2.2 Known Results

2.2.1 Proposition (Mazurov, 2005)

If X is the set of all 3—cycles (i, j,k)e A,, where n>5and i=j=k=i,
then X is a conjugacy class in A, such that(X)=A,. For any non-commuting

X,y e X, <x, y> is isomorphicto A, or A,.

2.2.2 Remark (Herzog et al., 2004)

If g is a rational number, then [q] =k, where k is the unique integer satisfying

k<qg<k+1.
2.2.3 Proposition (Bertram and Herzog, 2001)

Each pe A ,n>1 isaproduct of three | —cyclesin S, iff | is odd, and either

[g]SISn or n=7and | =3.

2.2.4 Remark (Herzog et al., 2008)

Let k,1 >2 be integers. Then n=n(k,1)is denoted to be the largest integer such
that every permutation in A is a product of k cycles of length |. For each
p S, —{e}, where e is an identity element in S . dcd.(5) is denoted as the non-
trivial disjoint cycle decomposition of g by, which represents g as a product of

disjoint cycles of length greater than 1. n, is designated as the number of (non-

B
trivial) cycles in dcd,(B), and m, = |supp(B)| is designated as the number of the

support of B where supp( g) ={i €{L,2,...,n}| B(i) = i}.
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2.2.5 Proposition (Herzog et al., 2004)

Let pes, and I;,l, e N,where n>1, >I, >2. Then g=C,C,, where C,,C,
are cycles in s of lengths 1,1, , respectively, iff either n, =2, 1,1, are the lengths

of the cycles in ded, (), and I, +1, =m,, or the following conditions hold:

(1) I, +1,=m, +n, +2s for some se N U{0}, and

B
21, -1,<m, —n,.
2.2.6 Lemma (James and Kerber, 1984)

C“* of A, are ambivalent iff the number of parts «, of « with the property

a, =3 (mod 4) is even.
2.2.7 Lemma (James and Kerber, 1984)

C“(p) splits into two A -classes of equal order iff n>1, and the non-zero

parts of «(p) are different and odd. (In every other case C“ () does not split).
2.2.8 Lemma (Taban, 2007)

Let [a"] be a conjugacy class in a symmetric group S, . If p is a prime number

such that p|a, then the solution of x” e[a']

r

(1) is [(ap) "1 if p|r, or

(2) does not exist if p does not divide r.
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2.2.9 Lemma (Taban, 2007)

Let p be a prime number and [a"] a conjugacy class of a symmetric group. If

p does not divide a, then the solution of x” e[a"] is
(1) [a"]if1<r<p,o0r
(2) [2"] [a" ", (ap)], [a"*", (ap)°],.... [a" ™, (ap)"]if m<r<(m+1)p.
2.2.10 Lemma (Taban, 2007)

If p and q are distinct primes and p|a,q|a where [a'] is a conjugacy class

of a symmetric group, then the solution of x" e[a"]

i
(1) is [(pga) P97 if pqr, or

(2) does not exist if pq does not divide r.
2.2.11 Lemma (Taban, 2007)

Let p and g be distinct primes and [a"] a conjugacy class of a symmetric
group. If p|a and q does not divide a, then the solution of x"* e[a"]

(1) is [(pa)',(pga)’], where i and j are solutions of the equation i+ qj =% if

p|r,or

(2) does not exist if p does not divide r.
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2.2.12 Lemma (Taban, 2007)

Let p and g be distinct primes and [a"] a conjugacy classin S, . If p does not
divide a and q does not divide a, then the solution of xPe[a’] is
[a',(pa)’,(ga)",(pga)'], where i, j,k and | are non-negative integers and solutions

of the equationi+ pj+gk+ pgl =r.
2.2.13 Lemma (Taban, 2007)
If plaand r=p'r, where 1 <n and ged(r,, p) =1, where [a"] is a conjugacy
class of a symmetric group, then there is no solution for xP" [a"].
2.2.14 Lemma (Taban, 2007)

If plaandp|b, where [a",b°] is a conjugate class in S_, then the solution of

xP e[a",b®]

r S

(2) is [(ap) ", (bp)P1 if p|randp|s, or

(3) does not exist if otherwise.

2.2.15 Lemma (Taban, 2007)

If p does not divide ab, where [a",b®] is a conjugacy class in S, then the

solution of x” e[a",b°] is [a',b’,(pa),(pb)'], where i+ pk=r and j+pl=s.
2.2.16 Lemma (Taban, 2007)

If pJa and p does not divide b, where [a',b®] is a conjugacy class in S, ,

then the solution of x” e[a",b°] is[b',(pa)’,(pb)*], where pj=r and i+ pk=s.
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2.2.17 Lemma (Taban, 2007)

For the solution of x° e[a’,b°], if there is no solution for x° e[a'] or

x® e[b°], then there is no solution for x* e[a",b°].
2.2.18 Lemma (Taban, 2007)

If p|a, where [a"] is a conjugacy class of a symmetric group, then the solution
of x*" e[a']

r

(1) is [(p"a)"" ] if p" |r, or

(2) does not exist if p™does not divide r.
2.2.19 Lemma (Taban, 2007)

If p does not divide a, where [a"] is a conjugacy class of a symmetric group,

then the solution of x° e[a’] is [a%,(p"a)?,(p2a)?,...(p"a)™], where
r,r,,...T,,, arethe solutions of the equation r, + pr, + p°ry +---+ p™r,, =T.
2.2.20 Lemma (Taban, 2007)

If p and q are distinct primes, p|a and q|a, where [a"] is a conjugacy class

of a symmetric group, then the solution of xP"" e [a"]

r

@ is [(p"q"a) P 4 1if p"g"|r,or

(2) does not exist if p™q" does not divide r.
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2.2.21 Lemma(Taban, 2007)

If p and q are distinct primes, p|a and q does not divide a, where [a'] isa

conjugacy class of a symmetric group, then the solution of xP"" e [a']

(1) is [(p™a)™,(qp™a)2,(q%p"a)" ... (q" p™a) ™ ], where N,f,,..r., arethe
solutions of the equation r, +qr, +q°r, +---+q"r, , =% if p"|r,or
(2) does not exist if p™ does not divide r.
2.2.22 Lemma (Taban, 2007)

If p and q are distinct primes, and p and q do not divide a, where [a'] isa

conjugacy class of a symmetric group, then the solution of xP"" e [a'] is

2™, (pa) 2 ... (") ™ (g@) 2, (pga) 2 ... (p"g8) 2™, (a%a) "t (par*a) 2,
m S m+ n Sn+ n sn+ n Sn+ myn Sn+ m+
. (p"g%a) ™ (a"a) " (pg"a) 2 (pPg"a) M L (P ) ]

where s;;,1<i<n+1 1< j<m+1 are solutions of

1 I,

S1,1 Sl,2 ot Sl,m+1
p P

52,1 S2,2 . S2,m+1 2
P Ty

Sn+1,1 Sn+1,2 ' ' . Sn+l,m+1 m
p I’n+1

and r.,1<i<n+1 are solutions of the equationr, +qr, +q°r, +---+q"r,,, =r.
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2.2.23 Lemma (Taban, 2007)

If p.,p,...p, aredistinct primes such that p, |a , Vi=1,..,m and p?j does
not divide r for some (1< j<m), where [ar] IS a conjugacy class of a symmetric

n n
group, then there is no solution for x™*%22-" ™ <[a'].

2.2.24 LLemma (Taban, 2007)

If p,,p,...., p,, are distinct primes such that p, |a and p;" | r for each

(1<i<m), where [a'] is a conjugacy class of a symmetric group, then the solution

r

p1p,"2.pp'm pM..pytm ]

of x ela'] is[(p,*...p, ™a)

2.2.25 Lemma (Taban, 2007)

If p,,P,..., P, are distinct primes and for some 1<i<m, p, |a and p;" does
not divide r, where [ar] is a conjugacy class of a symmetric group, then there is no
n n n
solution for x™'%2 %P ™ <1aly.

2.2.26 Lemma (Taban, 2007)

If p,, 1<i<m and q are distinct primes and p, |a, p," | r foreach 1<i<m

and ¢ does not divide a, where [ar] IS a conjugacy class of a symmetric group,

K on . n n
then the solution of NSRRI PLY is

[(p*..p,"ma)", (P, ..p,,""@) % ,.... (P, ...p,"ma) **] where 1, 1<i<k+1

are solutions of the equation 1, +qr, +---q*r,, =

n N

P - P
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2.2.27 Theorem (Taban, 2007)

If Be[A*B",..,T'] is a conjugacy class in a symmetric group S, then
B e[Q™,¢®,...w™] where ged(d,A)=r, ged(d,B) =s,...,gcd(d, T)=m and

A=Qr, B=¢s ,.., T=ym.

2.2.28 Corollary

Let [B,,B,,...,B,,]be a conjugacy class in a symmetric group S, . If dis a positive

integer such that gcd(d,B;) =1, (L<i<m), then the solution of x* [B,,B B.1]

-
in'S, is[B,,B,,..B,1.

Proof

Let T={C“0of S,| if 2eC*¥, then A° €[B,,B,,...,B,]} be a solutions set of

x‘ [B,,B,,.,B,] in S . For eah [A",A"%.,A%]eT, assume

2300y Py n

ged(d, Aj) =t;, and A, =Qt,

I

where (1< j<k). Let Ae[A", A%, A"%], then

A e[™,0,%,..,Q, ] by (2.2.27). However, A°<[B,,B,,..,B,]. Hence

5reen Bry
[Q,",Q,%,..,Q,“]=[B,,B,...,B,], thus we have:

(1) m=k.

(2) 1=r;t;, then r,=t; =1forall 1< j<m).

(3) B, =Q,, then B, = A forall (1< j<m).

Finally, from (1), (2), and (3) we have [A",A%,..,A*]=[B,,B,,...,B,]. Then the

solutions set of x* €[B,,B,,..,B,]1in S, is T={[B,,B,,...B,1}=[B,,B,,...B,]. |

23



2.2.29 Remarks

(1) If x° e[Blbl,szz ,...,mem], then the solution for every part of x° e[Blbl],
x¢ e[szZ],..., and x° e[mem] can be found separately, and then all the

solutions can be collected to find the solution of x¢ e[Blbl , szz mem]
in S, . Moreover, if there is no solution for at least one of the parts, then there
is no solution of x* e[Blbl,Bzbz ,...,mem] insS,.

(2) Theorem (2.2.27) gives all conjugacy classes of the form [I'ltl,thZ, ...,Tmtm]
which belong to the solutions set of x¢ e[Bik,B,"2L2, .. B "™min] in S,
where gcd(d,T,)=r,, ged(d,T,)=r,,..,gcd(d,T,)=r, and T, =B,

T,=8B,1,,.,T,=B,r,. But this does not give all the solutions of

m m - m

x¢ e[B,il B,2t2 ... B Mmlm] in S_ exceptwhen t =t,=---=t_=1 and

2.2.30 Example:
Find all conjugacy classes of the form [Tltl ,thz Jwhich belong to the solutions
setof x* e[1*,3]in S, .

Solution:

2
1 1:2

Assume d=8, nt =4 rt,=1, B =1 B,=3, T:L:Blrlzti7 T, =B,r,=—,

where gcd(d,T,) =r,, and gcd(d,T,) =r,. Now, we have to find the values of t, and

t, which satisfy (1) and (2), where

(M ged(d, T,))=r, = gcd(8,ti) = ti =t ={12/4}.

1 1
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