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Abstract:. In the production planning it is essential to determine simultaneously the production
program, the lot sizes as well as sequencing and scheduling the batches: the planning of the
production program requires the knowledge of the available manufacturing capacities; these
depend, however, on the set-up times determined by lot-sizing, and the idle times of machines
induced by sequencing and scheduling. In addition, sequencing and scheduling depend on lot-
sizing, as set-up and processing times are influenced by lot-sizes. Lot-sizing and scheduling in
turn require the knowledge of the production program. In this paper, the approach of
hierarchical production planning and the concept of transfer functions is applied to describe the
interactions between the production program and lot-sizing decisions. As a first step, a basic
linear model to optimize the production program is formulated. Then transfer functions
describing the relation between the quantities to be produced, the optimum lot-sizes and the
relevant cost induced by the optimal inventory policy are determined by solving inventory
models for all possible quantities of goods to be produced.
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1.  The Basic Idea

Hierarchical models are conceived to avoid the disadvantages of sequential as well as of
simultaneous models and to combine the benefits of both approaches. The objective of these
models is to reduce the complexity without neglecting the interdependencies between various
aspects of a planning problem. In the case of production planning and inventory management,
both problems are solved at different hierarchical levels using separate models, which are
only interrelated by the targets set by the upper level deciding on the production program, and
the feedback reported by the lower level setting the number and sizes of lots. The model of
hierarchical production planning to be presented here may be described as follows:

(1) A company produces m goodsj=1, ..., m.
(2) The maximal quantity of product j which can be sold during period ¢ is vj;™; the

demand is considered to be deterministic but varies during the periods ¢ = 1, ..., T,
moreover, there are minimal quantities to be delivered v3™.

(3) Capacities b, of machines i = 1, ... , n are available; to produce one unit of product j,
a; units of machine capacity i are required.

(4) The selling of one unit of product j provides a net profit of 4, .

(5) The products are produced in lots. Set-up cost for each lot of product j are given by
CF; holding cost are equal to ¢} per unit of quantity and time.
(6) The lot-sizes of different products are determined independently from each other.

At the upper level, the production program is determined by using a linear programming
model (LP1). The objective is to maximize net profits:
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The following restrictions have to be considered:

Capacities: Za,-j.xj,sb, (i=1,...,n;t=1,...,1)
=]
Sales: VIR <x, SR G=1,...m;t=1,...,7)

The costs of inventories are not considered in this type of planning models. To include
this type of cost, a transfer function L,(x;) has to be established, which describes the

functional relation between the quantity x; of product j to be produced during the next period

and the cost of inventory, provided that optimal lot-sizes are determined at the second level
(inventory management). The transfer function L,(x;) is established for every product j =

1, ... ,m using simple inventory models to calculate the optimum lot-size for every quantity
x; . Figure 1 shows the coordination between production planning and inventory management:

Targets x; are set by the upper level and are given to the lower level. As a feedback, the

lower level has to report the transfer function, the cost for an optimal inventory handling in
relation with the targets, as well as any deviations from the targets.

Figure 1. Coordination in a Hierarchical Production Planning System
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2. Determination of a Transfer Function for Inventory Cost

By using inventory models, optimal lot-sizes and costs induced by this choice are
determined for all possible quantities of output x; of products j = 1, ... , m. To explain the

principle of a feedback by transfer functions, we now consider the Economic-Order-Quantity
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(EOQ) model of inventory theory. This implies that sales of products are distributed equally
over the planning period of inventory management. If the length of this period is z, then the
rate of demand is given by:

X

0; =

; / or,if r=1 x;=6, j=1,..,m 2)

T
The relevant cost of inventory induced by a planned production of x; as a function of lot-
sizes g is given by:
R

_ 2} 1 L
Ij(xj,qj')—;-xj +E'Qj-cj 3)
J

An optimal lot-size can be calculated by using the square root formula:
R
2.Cj .Xj (4)

o _
q9; = I3
€y

Substituting ¢° for g in /;(x;,q), we get:

1
Li(x;)=1;(x;,97)= 2.cf.cJL-.xj =Kj.x} 4

The transfer function has the following characteristics:
(1) It is not defined for x; <0, and is continuous and differentiable for x, >0

(2) It increases monotonously, and is strictly concave:

1
dLj(xj)=1

& E.Kj_xj2>0
7

2 3
2 - J

(3) For sufficiently large quantities x;, the curvature is very small:

5
M _3 K; _x;E
3
by 8
Due to this fact, the transfer function may be approximated in the relevant interval by a linear
function or at least by a piecewise linear function. This fact is shown in figure 2 for the

coefficients ¢ =1000, c; =10, d;=20.
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Figure 2. Transfer function of cost of optimal inventory policy

50 X 250

Xy

In principle, other inventory models may be applied to establish transfer functions of

inventory cost as well.

The transfer function can be used to obtain a minimum lot-size x;?,‘*“ . This is defined as the

break even point, where the gross profit gained by selling x7" just covers the set-up and
holding cost:

L

2 R

. K; 2c;.c;

f min J J )

dl.xl=KI Xj :xj =[_d) = d2 (6)
J J

The existence of a single break-even point is guaranteed by the following facts:

() For x; = 0, the cost of inventory converge to zero but the gradient goes to «
(i)  For x; =0, the net profit is equal to zero, its increase is constant and equal to d;
(iii)  Net profit minus cost of inventory is negative in the environment of x ;=0

(iv)  Due to the strict concavity of the transfer function, the difference of net profit and
cost of the inventory is positive for sufficiently large x f

If the demand x, of a product in period # is less than the break even point x™", then this

product is considered to be “exotic” and has to be planned separately: That means, the
demand of several periods will either be combined in order to obtain a minimum lot-size
x5 ; or it will not be produced at all during that period. Hence, the quantity to be
produced will then be pre-determined as x,, =0.
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3. Production Planning with Transfer Functions

Having established the transfer functions for the inventory cost L;(x;) for the minimum
quantities to be produced x}™, we can now determine the production program. In order to
take into account cost of inventories, the transfer functions L ;(x;) have to be included into the
objective function of LP2:

T

D=Zi[dj1,,-L,.(xﬂ)]= max! (N

t=1 j=1

The capacity restrictions of LP1 remain the same:

m

Zay-.xﬂsb,- (Gi=1,....,n;t=1,...,1)

Jj=l
For exotic products, the sales restrictions

VIR S x) SV G=1,....m;t=1,...,7)
have to be modified to take into account pre-determined quantities:

0, for all exotic productsnot to be produced
v}','i“ = x}"i“, Jor all exotic products to be produced with minimal quantity

v}’,’m, Jor all other products
For all exotic products which are not to be produced, the upper limit has to be set to zero.
As L;(x;) is concave, the objective function LP2 is convex: as the second derivative of
L;(x;)is very small, it can, be approximated by a linear function,

Lizp=a,x;+8 ®)

the parameter are given by
_ L)L,

iT max min

Xjo TXj

Bj=L;(x]")-a;x " ®

The constant term 8; may be neglected, as it does not influence the optimum of solution.
Hence, the objective function of LP2 may be approximated by,

g

5=Zi[dj.xj,—-aj(xﬂ)]=>max! (10)

=1 j=1

The optimal production program may be obtained by solving LP2 with the simplex method
(or another method of linear programming).

Figure 2 shows that the linear approximation of the transfer function I i(x)

underestimates the cost of inventories. The result may be improved by approximating the
objective function through a piecewise linear function and by formulating the problem as a
separable problem (Hadley, 1964). This approach replaces the objective function by a
piecewise linear function. To do, so, net profits






