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The Landau free energy expression for a ferroelectric thin film studied by Tilley and Zeks 

(TZ-model) and the Landau-Khalatnikov dynamic equation are used to study the surface 

effects (represented by the extrapolation length ±J) on properties of polarization reversal, 

namely switching time Ts and coercive field ec . Positive J models a decrease of the local 

polarization at surfaces and negative J an increase, with a smaller absolute value of J giving 

a stronger surface effect. For positive J, Ts and ec decrease with decreasing 181 while for 

negative J Ts and ec increase with decreasing 181. Strong surface effects; represented by 

smaller 181, are more profound in thin FE filIns. 
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1 Introduction 

ies of fenoelectric (FE) thin films such as coercive field ec ' and 

switching time Ts have racted tremendous scientific and technological interests among the 

researchers over a long p riod of time. These properties are directly related to the application 

of FE films in nonvol ile FE random access memories (FeRAMs) where the speed of 

reversal of remanent pol rization at low operating voltages is the main concern for the latest 

demand in producing d vices which operate at reduced power consumption and at high 

switching speed 1,2. T support contributions from a large amount of experimental work, 

theorists have formula d a few models to elucidate these switching properties. The 

Kolmogorov-Avrami-Is ibashi (KAI) theory based on the Kolmogorov-Avrami theory 3-6 of 

crystal growth was first eve loped by Ishibashi et al.7
, 8 to explain the switching properties of 

FE film in terms of the statistics of domain coalescence. Du and Chen 9, then subsequently 

Tagantsev et al. 10, pr posed a non-KAI model related to the work of Lohse et al. 11 

concerning direct obse ations on switching in FE thin films 12, 13. The model focuses on 

statistics of nucleation f domains and the results indicate that switching occurs region by 

region. redict that in a particular region where switching has occuned, 

subsequent switching f the neighboring regions, as expected from KAI model, does not 

necessarily take place. The effects of surface on polarization reversal in a FE film are not 

In another ap roach, which is different from the classical nucleation reversal 

mechanism, Ishibashi 14 proposed a discrete model for the lattices of electric dipoles to 

describe behaviors of E systems. His approach is based on the Landau-type-free energy for 

homogeneous 15 and i omogeneous 14 systems. A periodic condition is implied in the finite 

inhomogeneous systeI but surface effects are ignored. In short, neither the models we have 



mentioned in the preceding paragraph nor the discrete model of Ishibashi have taken the 

effects of surface on polarization reversal in FE film into consideration. Our primary aim in 

this paper is to present a model which is capable of simulating surface effects in switching. 

The model is illustrated with a selection of results from numerical explorations. 

It is helpful to review a few experimental results. ArIt et al. 16 found that the Curie 

temperature of Barium Titanate increases above the bulk value with decreasing grain size. 

Similarly, for films of triglycine sulfate 17 and potassium nitrate 18, the Curie temperatures 

increase with decreasing film thickness. These results suggest enhancement of polarization at 

surfaces. Incidentally, density-function-theory calculations on ferroelectric films of lead 

titanate by Ghosez and Rabe 19 show a significant enhancement of polarization at the 

surfaces. On the other hand, Ishikawa et al. 20 have observed the phenomenon of lattice 

relaxation (suppression of polarization) at the surfaces of barium titanate and lead titanate 

films respectively. These and other experimental results indicate that a phenomenological 

theory should be capable of modeling both increases and decreases of polarization at film 

surfaces. 

For static effects, particularly the calculation of critical temperatures and dielectric 

properties of films due to the enhancement or suppression of the polarization at the surfaces, 

the Tilley-Zeks (TZ) model 21, which is an extension of the Landau-Devonshire theory of 

bulk ferroelectrics, has been explored extensively 22, 23. Hel~e we extend the model to 

dynamic effects by adding a Landau-Khalatnikov equation of motion. The free energy of the 

TZ model is recalled and briefly discussed at the beginning of Section 2, then the extension to 

dynamical effects is introduced; in this paper we restrict attention to materials with a second-



order phase transition. orne representative numerical results are given in Section 3 and the 

general perspective we h ve gained from these and other results is outlined in Section 4. 

2 Theory and Modelin 

We consider a smmetric FE thin film of thickness L extending along the z axis, from 

- L / 2 to L /2 . As sta ed, the FE material is assumed to undergo a second-order phase 

transition. The model s one-dimensional with. polarization and related physical quantities 

varying as a function of , and the direction of polarization can be parallel to the film surfaces 

or perpendicular to . t e film surfaces for perovskite FE materials which have finite 

conductivity 24; hence epolarization effects can be neglected. The surface density of the 

Landau-Devonshire fre energy F for a film of thickness L is expressed as 

F 

S 
(1) 

Here P is the z-depend t polarization, Tc is the bulk transition temperature and A, B, and D 

are temperature-indepe dent phenomenological coefficients, all taken to be positive. The 

factors of &~l and &~2 re included so that A, B, and D have purely mechanical dimensions. 

The first two terms n the integrand will be recognized as the free energy for the 

corresponding bulk m erial; the implications of this free energy are discussed in standard 

texts 25. The inhomog eity of the film due to variation Of P as function of distance z across 

the film thickness is .epresented by the term in (dP/dz) 2, so that D characterizes the 

'stiffness' of the polari ation. The final term in the integrand accounts for the interaction of 

the system with an e temal electric field E. It will be recalled that this term accounts 

completely for the elec rostatic contribution to the free energy of the system. It is sometimes 

said that there should be additional terms describing coupling of the electric field to the 

· , 



surface polarization values P_ and P+. However, any such terms must arise from the EP 

integral, so they would require singular behavior in P at the surfaces. It may be that 

singularities could be found in a microscopic analysis, in which case they could be 

incorporated as an additional feature in eq. (1). However, it would not be con·ect to impose a 

singular structure on P in the present analysis since there is no clear reason to do so. The 

final term in eq.(1), in which P __ and P+ are the values of P at the lower and upper surfaces, 

describes the increase or decrease of P at the surfaces by means of the extrapolation length 

o. Since the .equilibrium form of P is taken to cOlTespond to a minimum of FIS, it can be 

seen straight away that a positive 0 leads to values of P_ and P+ smaller in magnitude than 

the value in the centre of the film, while negative 0 leads to values larger in magnitude than 

the central value. Furthermore, since 0 appears in the denominator, the surface effects 

become stronger as the absolute value of 0 decreases. In the absence of a field E the free 

energy in eq. (1) is an even function of P, so that just as in the bulk material there are two 

equivalent minima of F, one with positive P and one with negative P. The gradient and 

surface terms in eq. (1) were introduced by Kretschmer and Binder 26 for a discussion of 

phase transitions in semi-infinite felToelectrics; the extension of the analysis to films is due to 

Tilley and Zeks 21. 

It will be helpful to discuss briefly the results obtained from eq.(1) without the 

electric-field term 21-23. For positive values of 0, as stated, P is a maximum at the centre of 

the film; two examples are shown in Fig. 1 in which it is seen that the smaller values of 0 do 

indeed give the larger surface effect. For negative 0, as seen in Fig. 2, P is largest at the 

surfaces and the surface enhancement is greater for smaller 101. The cOlTesponding results 

for the film critical temperature TCF 21
-
23 are that for positive 0 TCF is below the bulk value Tc 



and for negative 6 it above Tc, the difference between TCF and Tc increasing with 

decreasing \6\. 

With the electri . field included, minimization of eq.(1) leads to the Euler-Lagrange 

equation 

with boundary conditio's 

dP _P 
-=+-
dz c5 

L 
at Z=±-

2 

(2 ) 

(3) 

For bulk ferroelectrics, is independent of z so the derivative on the right-hand side of eq.(2) 

vanishes. The algebrai equation that results from equating the right-hand side to zero is used 

to calculate hysteresis lops and coercive fields of bulk materials 25. Briefly, the equation is a 

cubic for P as a functi of E and for T below Tc the graph of p. is triple-valued for small E 

and single-valued for lrge E. The coercive field Ec is the dividing point between the two 

regions and the maxim 1 hysteresis loop traces out the P graph between + Ec and - Ec. 

The extension these bulk results to films using numerical integration of eq.(2) and 

eq.(3) was given by T n et al.27 We note from this the definition of Ec for a film. The 

average polarization is defmed by P = L-1 J P(z)dz and the graph of P versus E is drawn 

from the numerical re Its, the general form being similar to that for a bulk material. The 

points ± Ec are where'this graph changes from single-valued to triple-valued; an example is 

given in Fig. 3 of Tan t al.27 



For numerical calculations, it is convenient to scale all variables to dimensionless 

quantities. We let (; = Z /';0 and I = L / ';0 with ';02 = D / A Tc' It is seen from eq .(2) that at 

zero temperature';o is the characteristic length for the z dependence of P. Eq.(2) can also be 

used to model domain walls so that ';0 is a scale length for the domain-wall thickness. We 

and Eco are the equilibrium bulk polarization and the bulk coercive field at T = 0 K 

respectively. 

As mentioned, we extend the TZ model to dynamics by adding the Landau-

Khalatnikov (LK) equation of motion for P, namely yap / or = -JF / JP , where r is time and 

JF / JP is the variational derivative. The characteristic time for variation of P is seen to be 

CoY / A Tc';o so we define a dimensionless time by rr = r(ATc';o / coY). The scaled LK 

equation is as follow 

op of 3 d 2p 2 
-. =--=(1-t)p-p +-+-e 
orr op d(;2 3J3 (4) 

where f is the reduced energy gIven by f = BF / A2T/S';0. We use as a scalar order 

112 

parameter the average polarization of the film defined as previously by ji = 2. f p ((;) d (; . 
. I -1/2 

The switching current is defined by J = dP / dr and the corresponding dimensionless 

quantity is 

(5) 

It is useful to mention two ancillary quantities. The scaled bulk free energy is 

+ t-l 2 1 4 2 
JJ =-p +-p ---ep 

B 2 4 2J3 (6) 



and from this, the bulk c ercive field can be derived: 

ec = (1-t )3/2 (7) 

We have now sp ified our model, and we proceed to discuss the numerical solutions 

of eqs.(2) to (4). 

3 Numerical Method 

We assume the olarization profile pee;) to be symmetric with respect to the film 

center 1; = O. Conseq ently, the surface polarizations p+ and p_ are equal, such that 

p(e; = 0) = Pc and (dpl' e;) = 0 at 1;= O. We find the polarization profile for e = 0 from the 

elliptic-function express' ns derived in ref 22; examples of these profiles were shown in Fig. 

1. The polarization pro Ie of the system in a non-zero electric field is found by solving using 

the 4th order Runge-Ku a (RK) method to solve eq. 2 subject to the boundary conditions 

defined by eq. 3.28 In z ro electric field the polarization profiles obtained in this way agree 

with those calculated om the elliptic-function expressions22. To model switching, for 

example following a st -field change from -E to +E, we integrate eq.(4) numerically by a 

finite difference techniq e. That is, the initial p profile (Tr = 0) is taken as that determined 

from the RK integratio , then the field is switched to +E and changes in p(z) with r,. are 

followed by finite differ nces?8 

The most signifi ant quantity in the polarization reversal is the switching time Ts, 

which we define as the ime taken when the switching current of eq. (5) falls to 10% of its 

maximum value 29,30. I all the simulations the initial form of p is taken as the negative zero-



field form, then at rr = 0 a positive value of the electric field is applied and we study the 

evolution with time of the polarization profile p(s). 

Results and discussion 

The software we have described can be used for a wide variety of simulations. We 

now show some results for switching in a step field, with emphasis on the effect of the 

surface extrapolation length 6. As stated, the starting value of the profile p(s) is the 

negative form for zero field, then at time r r = 0 the field is switched to a positive value 

e F and we follow the time evolution of p(s), the average polarization J5 and quantities that 

can be derived from them. To set the scale for the dimensionless field, we note that eq. (7) 

shows that the bulk coercive field ec decreases from I at T = 0 to 0 at the critical 

temperature T = Tc . 

We start with positive values of the dimensionless extrapolation length or' It will be 

recalled that positive or corresponds to a decrease in magnitude of p(s) at the surfaces, and 

that the decrease is more marked for smaller values of or' Fig.3 shows the evolution with 

time of p and the switching current J r = dji / drr for various positive values of or in a film 

of dimensionless thickness 1=5.0. At rr = 0 the field is switched from zero to the high 

positive value e = 10.0. For or = 100 the surface effect is very weak, and as seen from Fig. 

1 the profilep'(s) is effectively flat across the film. Consequently the switching curves for 

this value of or are indistinguishable from those for the bulk material. At the other extreme, 

or = 0.1 means a strong reduction of p(s) at the surfaces. Therefore, as seen, the starting 



and finishing values of are smaller in magnitude and the switching current is smaller. We 

have obtained similar cu ves to Fig. 3 for a range of values of the dimensionless thickness l. 

For a smaller value of I than that used for Fig. 3 there is, so to speak, less bulk material 

between the surfaces, so he reduction in p with decreasing 6 r seen in Fig. 3 sets in at higher 

values of 6 r • 

As remarked, Fig. 3 sho s the switching curves when the high value e = 10.0 is applied at 

T r = O. For comparison. Fig. 4 shows the curves when the switching is from e = 0 to e = 1.1 . 

Here we might say that he switching force on p is much smaller and it is seen from Fig. 4 

that the time scale for witching is much longer than in Fig. 3. Otherwise the qualitative 

comparisons between th three sets of curves in Fig. 4 are similar to those in Fig. 3. 

Fig. 5 shows the evolution of average polarization p and switching current J r of FE 

thin film with thickness i = 0.72 for negative 6 r of various magnitudes. In this case, as seen 

in Fig. 2, the value 0 per;) is larger at the surfaces than in the center of the film, the 

enhancement being gre! ter for 6r of smaller magnitude. As in Figs 3 and 4, the starting 

profile per;) is taken a the negative solution of eqs (2) and (3) with E = 0; thus the starting 

averages p in Fig. 5 e negative. The curves shown are for a step switch from e = 0 to 

e = 10 at T r = O. For t e largest magnitude, or = -100, the profile p( r;) is practically flat 

across the film. Conseuently the switching curve starts at the zero-field bulk value p =-1 

and ends on the valu p = 1.78 found for the bulk in a field e = 10. For the smaller 

magnitude or = -3.0 b th the starting and the finishing values of p are larger in magnitude 

than for 6 r = -100; thO is as expected because of the enhancement of pes) at the surfaces. 

The same comments a ply with more force for the smallest magnitude 6 r = -1.4 . It is seen 



both from the main curves and from the inset to Fig. 5 that the peak switching current is 

larger and the switching takes longer for the smaller magnitudes of 6 r • 

The switching time r s is a key quantity in this study and as remarked earlier we 

follow the usual definition that r s is the time at which the switching current J r has fallen to 

10% of its peak value. We have detennined rs numerically for a range of values of 

thickness I and extrapolation length 6 r from numerous curves of the fonns shown in Figs 3 

to 5. Some example curves for the variation of rs with 6 r for two values of I are shown in 

Figs 6 and 7. Fig. 6 is concerned with positive 6 r , for which pes) decreases at the surfaces 

and as seen from Figs 3 and 4 r s increases with increasing 6r • It is seen that for given 6r 

r s is smaller in the thinner film, for the obvious reason that there is less volume to switch. 

For negative 6r , Fig. 7, pes) increases at the surfaces and the mean polarization increases 

as 6 r increases toward zero. Consequently, as seen in Fig. 5 and shown in Fig. 7, rs 

increases as 6 r approaches zero. A feature that is surprising at first sight is that r s is larger 

in the thinner film, even though the ferroelectric volume is smaller. The reason is that the 

critical temperature of the thinner film is higher21
, 22 and because of this and the boundary 

conditions pes) retains a high value across the film. Comparison of Figs 6 and 7 shows that 

the 6 ~ 00 limit of r s in the fonner is equal to the 6 ~ -0-00 limit in the latter. This is easy 

to understand. As seen from eqs (1) and (3), although the usage of 6has become entrenched, 

the natural surface parameter in this model is in fact 6-1
• Continuity through ± 00 in 6is 

simply continuity through zero in 6-1 
• 



The second key uantity in switching is the coercive field eCF • As mentioned earlier, 

this is found from the st tic equations (2) and (3) 27; the extension to dynamics is not needed. 

However, it is so clos ly related to -r s that we show in Figs 8 and 9 results that are 

complementary to those in Figs 6 and 7. For positive Or' Fig. 8, eCF is larger in the thicker 

film and decreases as r approaches zero. For negative or' Fig. 9, eCF is larger in the 

thinner film and increas s as 10rl approaches zero. Finally, the 10rl---+ 00 limits are the same 

in the two figures. properties are similar to those discussed for -r s and are explained in 

the same way. 

Conclusions 

We have exten ed the TZ model for ferroelectric thin films, which has been 

extensively studied for sta.tic effects, to include dynamic properties. We have applied our 

formalism to a study 0 switching in films. The model is phenomenological, and allows for 

either an increase or a decrease in the polarization profile P(z) at the surfaces. This is 

important since both . rms of behavior have been observed in experiments on different 

materials. 

The results sho that the effect of surfaces on switching time and coercive field is 

significant for small agnitudes of the extrapolation length 0, which means high surface 

effect; and it is espe ially so in thin films. It is of course beyond the scope of a 

phenomenological mo I to predict the value of ° from material properties; it is the surface 

parameter and could e detennined, for example, by comparison of the film critical 

temperature with the b lk value 21,22. For an FE film with negative 0, although the critical 
I 



temperature increases with decreasing film thickness both the coercive field eCF and 

switching time Ts also increase. This may mean that the use of this type of material for 

small-sized memory devices is problematic. For films with positive S, the critical 

temperature decreases with decreasing film thickness but the switching time T s and coercive 

field eCF both also decrease, and these characteristics may be helpful for memory fabrication. 

We should make a comment on the formalism. In order to illustrate the formalism 

clearly, we have restricted attention to materials in which the bulk phase transition is second­

order. The earlier paper by Tan et al.27 deals with the statics of both second-order and first­

order materials. What we have added here is the treatment of the dynamics by means of the 

Landau-Khalatnikov equation and of course the numerical analysis of the resulting partial 

differential equation, eq (4). The extension of our analysis to first-order materials is 

straightforward. 

The model presented here is concerned with single-domain switching, as might occur 

in a sample of small lateral dimension. Some recent experimental and theoretical studies 

have advanced understanding of the processes involved in polarization reversal by means of 

domain nucleation and lateral growth in thin films. Gruverman et al. 31 measured switching 

characteristics in 180 nm thick films of PZT. They compared measurements of switching 

current versus time with piezoresponse force microscopy (PFM) images of the evolution of 

the domain structure in time, finding significant differences between samples of different 

lateral dimension (areas on the scale of 1.5 to 25 JlI112). This work ha~ been extended to a 

study of the nucleation and evolution of vortex domains 32, 33. Variation with lateral 

dimension was also the emphasis in the study by Jung et al. 34 of switching kinetics and 

hysteresis loops in PZT films. Scanning transmission electron microscopy (STEM) studies of 



the domain patterns in fiee-standing BaTi03 films with thicknesses varying between 70 and 

530 nm have been repo ed by Schilling et af. 35, and these bring out the significance of strain 

effects. 
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Figure Captions 

Fig.1 Polarization profil for positive extrapolation length 6r = 0.1 (solid curve); 6
r 

= 3.0 

(dashed curve); 6r = 100 (dotted curve) e = 0.0, 1 = 5.0 and t =0.0. 

Fig.2 Polarization profil ' for negative extrapolation length 6r = -1.4 (solid curve); 6r = -3.0 

(dashed curve); 6r =-1 ° (dottedcurve)e=O.O, 1=5.0,t=0.0. 

Fig.3 Time dependence f average polarization p for positive extrapolation lengths 6
r 

= 0.1 

(solid curve); 6r = 3.0 ( ashed curve); 6r = 100 (dotted curve), 1= 5.0, t = 0.0, e = 10.0. The 

inset shows the corresp ding switching current. 

Fig.4 Time dependence' f average polarization p for positive extrapolation lengths 6
r 

= 0.1 

(solid curve); 6r = 3.0 dashed curve); 6r = 100 (dotted curve), 1 = 5.0, t = 0.0, e = 1.1. The 

inset shows the corresp nding switching current. 

Fig.5 Time dependen e of average polarization p for negative extrapolation lengths 

6r =-1.4 (solid curve); 6r =-3'.0 (dashed curve); 6r =-100 (dotted curve), 1=0.72, t= 

0.0, e = 10.0. The inset' hows the corresponding switching current. 

Fig.6 Switching time v rsus positive extrapolation length, for film thicknesses 1= 0.72 (0), 

and 5.0 (~) at t = 0.0, e 10.0. 



Fig.7 Switching time versus negative extrapolation length, for film thicknesses 1= 0.72 (0), 

and 5.0 (Ll) at t =0.0, e=l 0.0. The inset shows the zoom-in view for I = 5.0 (Ll). 

Fig.8 Coercive field versus positive extrapolation length for film thicknesses 1= 0.72 (0), and 

5.0 (Ll) at t = 0.0. 

Fig.9 Coercive field versus negative extrapolation length for film thicknesses I = 0.72 (0), 

and 5.0 (Ll) at t = 0.0. The inset shows the zoom-in view for I = 5.0 (Ll). 
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