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MAT 221 — DIFFERENTIAL EQUATION II
Answer all questions
1. a) Consider the nonlinear system
X(t)=x"+1
y(t)=x(y-1)
i) Find the x-nullcline and the y-nulicline
ii) Find the fixed point.
b) Let a be a real constant. Given the system
X(t)=y
y(t)=ax—-2y
i) what is the characteristic polynomial of the coefficient matrix for the system
ii) compute its eigenvalues and eigenvectors (the answer depends on a, hence the need to
break the answer into cases)
iii) write down the general solution of the system.
c) Explain what is meant when we say the trajectories in the neighbourhood of an
equilibrium point is structurally stable.

2. a) Find the solutions of the following system

dx

- = — 43 _

dé F(x,y) =x>—x
y — —_ —

i) Find the critical points
ii) Are these points stable?
iii) Give a rough sketch of the phase portrait
b) In a linearised system, the eigenvalues at a critical point are pure imaginary
i) Describe the trajectories around the critical point
i) If the parameters (constants) in the system are slightly perturbed, what are the effects
on the trajectories?
c) What is the difference between an autonomous and a non-autonomous system? Give an
example of each.

3. a) i) Whatis anisoclines?
ii) Given a system

ay _ _y ) xe[-2,2], yel[-2,2]

dx x
sketch a direction field.
b) i) What is a periodic function?
ii) Given a periodic function f(x), with period P, it can be represented by a Fourier
series

Qo C .
fx)~—+ (a,, cos(nx) + b,sin(nx))

Find formulas for ay, a, andb,,.

c) A function f(x) is defined as
00 —m<x<0
f(x)_{l, O<x<7r}

i) Find a Fourier representation of the function
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ii) Under what theoretical condition wills the given function equals the Fourier
representation?

4. a) The Sturm Liouville operator is defined as

L= d (%) d +
Give a description of the Sturm-Liouville eigenvalue problem

b) Given the following differential equation
d’y dy
a,(0) 5 + a1 () 7=+ ap(D)y = £()
put it into Sturm-Liouville form.

c) Consider the following boundary value problem
a(, oy, y_1
(x )+ == x€[1, b]

E dx X
y(1) =0=y(b)
Write down the solution in terms of the generalised Fourier series expansion.

5. A partial differential equation problem can be written as
d 92
au(x, t) = ﬁu(x, t), 0 <x<I

u(x,0) = x — x?
d
on=0 ulo=0
0x

i) Evaluate the eigenvalues
ii) Find the corresponding orthonormalisedeigenfunctions
iii) Find the general solution.
I o T I o L I o L B S
MAT 221 - PERSAMAAN PEMBEZAAN I
Jawabsemuasoalan
1. a) Pertimbangkansistemtak linear berikut
x'(t) = x*+ 1
y'(t)=x(y-1)

i) Carikannullcline-x dannullcline-y

ii) Dapatkantitiktetap

b) Andaikan a satupemalarnyata. Diberisistem

x'(t)=y
y(t)=ax-2y

i) apakahpolinomcirianbagimatrikspekaliuntuksistem

ii) hitungkannilaieigendanvektoreigen (jawapanbergantungkepada a,
makaperluuntukbahagikanjawapankepadakes)

i) tuliskanpenyelesaian am bagisistem.
c) Terangkanapa yang

dimaksudkanapabilakitamengatakantrajektoridalamkawasankejiranantitikkeseimbangansta
bilsecaraberstruktur.

2. a) Caripenyelesaianuntuksistemberikut
dx/dt=F(x,y)=x3—x
dy/dt=G(x,y)=-2y
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i) Carikantitikkritikal
ii) Adakahtitik-titikinistabil?
iii) Berikanlakarankasarpotretfasa
b) Dalamsatusistemterlinear, nilaieigenpadasatutitikkritikaladalahnomborkhayalan
i) Perihalkantrajektori-trajektori di sekitartitikkritikal
ii) Jika parameter (pemalar) dalamsistemdiusik, apakahkesankeatastrajektori?
c) Apakahperbezaan di antarasistemautonomidansistembukanautonomi?
Berikancontohbagisetiapsatu.

3. a) i) Apakah yang dimaksudkandengansecerun?
ii) Diberisistem
dy/dx=-y/x,x€e[-2,2],ye[-22]
lakarkanmedanarah.
b) i) Apakah yang dimaksudkandenganfungsiberkala?

ii) Diberifungsi f berkala (x), dengan kala P, ianyabolehdiwakiliolehsiri Fourier
f(x)~% + Yo_,(a, cos(nx) + b,sin(nx))
Cari formula untuk ag, a,dan b,.

c) Satufungsi f(x) ditakrifkansebagai
0, — m<x<0
f(x)_{l, 0<x<7r}
i) Cariperwakilan Fourier untukfungsi
ii) Apakahkeadaanteoretis agarfungsi yang diberikansamadenganperwakilan Fourier?

4. a) Pengendali Sturm Liouvilleditakrifkansebagai
L =(dp(x)/dx) d/dx + q (x)
Berikanperihalanmengenaimasalahnilaieigen Sturm-Liouville
b) Diberipersamaanpembezaanberikut

d? d
60 2+ a;(0) 2 + ap(D)y = f(x)
letakkannyakedalambentuk Sturm-Liouville.
c) Pertimbangkanmasalahnilaisempadanberikut

d (xd—y)+¥=§ . xell,b]

E dx x
y(1) =0 =y(b)
Tulispenyelesaiandalamsebutankembangansiri Fourier am.

5. Satumasalahpersamaanpembezaanseparabolehditulissebagai
d 92
Eu(x, t) = ﬁu(x, t), 0 <x<lI

u(x, 0) = x — x?
Ju
—(0,t) =0, u(l,t)=0
0x

i) Dapatkannilaieigen
ii) Dapatkanfungsieigenpengortonomalan yang sepadan
iii) Caripenyelesaian am.
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